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CONTACT 3-MANIFOLDS, HOLOMORPHIC CURVES AND
INTERSECTION THEORY
CHRIS WENDL
Abstract. This is a slight revision of some expository lecture notes written originally for
a 5-hour minicourse on the intersection theory of punctured holomorphic curves and its
applications in 3-dimensional contact topology, given by the author as part of the the LMS
Short Course “Topology in Low Dimensions” at Durham University, August 26–30, 2013.
The revision includes a new appendix that has been added for the benefit of researchers in
search of a “quick reference” on the basic facts of Siefring’s intersection theory.
Intersection theory has played a prominent role in the study of closed symplectic 4-
manifolds since Gromov’s paper [Gro85] on pseudoholomorphic curves, leading to a myriad
of beautiful rigidity results that are either not accessible or not true in higher dimensions.
In recent years, the highly nontrivial extension of this theory to the case of punctured holo-
morphic curves, due to Siefring [Sie08, Sie11], has led to similarly beautiful results about
contact 3-manifolds and their symplectic fillings. These notes begin with an overview of the
closed case and an easy application (McDuff’s characterization of symplectic ruled surfaces),
and then explain the essentials of Siefring’s intersection theory and how to use it in the real
world. As a sample application, we discuss the classification of symplectic fillings of planar
contact manifolds via Lefschetz fibrations [Wen10b]. Prior knowledge of holomorphic curves
may be helpful but is not assumed—the required definitions and most of the hard analytical
results are stated as black boxes, so as to focus on topological rather than analytical issues.
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Before we begin, a word on how best to use these notes. They were written with an
audience of students in mind, so I did not want to assume too much previous knowledge of
symplectic/contact geometry or holomorphic curves, and most of the text reflects that. On
the other hand, I also expect a certain number of readers to be experienced researchers who
already know the essentials of holomorphic curve theory—including the adjunction formula
in the closed case—but would specifically like to learn about the intersection theory for
punctured curves. For readers in this category, I recommend starting with Appendix C for
a survey of the basic facts, and then turning back to Lectures 3 and 4 for the details. If on
the other hand you are a student and still getting to know the field of symplectic and contact
topology, you’d probably rather start from the beginning.
Or if you really want to challenge yourself, feel free to read the whole thing backwards.
Lecture 1. Closed holomorphic curves in symplectic 4-manifolds
The main objective of these notes will be to explain some results about symplectic 4-
manifolds with contact boundary, and some of the technical tools involved in proving them,
notably the intersection theory of punctured pseudoholomorphic curves. These tools are
relatively recent, but have historical precedents that go back to the late 1980’s, when the field
of symplectic topology was relatively new and many deep results about closed symplectic
4-manifolds were proved. We will begin by explaining some of those results.
1.1. Some examples of symplectic 4-manifolds. SupposeM is a smooth manifold of even
dimension 2n ≥ 2. A symplectic form on M is a closed 2-form ω that is nondegenerate,
meaning that ω(X, ·) 6= 0 for every nonzero vector X ∈ TM , or equivalently,
ωn := ω ∧ . . .∧ 6= 0
everywhere on M . This means that ωn is a volume form, thus it induces a natural orienta-
tion on M . We will always assume that any symplectic manifold (M,ω) carries the natural
orientation induced by its symplectic structure, thus we can write
ωn > 0.
We say that a submanifold Σ ⊂ M is a symplectic submanifold, or is symplectically
embedded, if ω|TΣ is also nondegenerate.
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Exercise 1.1. Show that every finite-dimensional manifold admitting a nondegenerate 2-form
has even dimension.
There are many interesting questions one can study on a symplectic manifold (M,ω),
e.g. one can investigate the Hamiltonian dynamics for a function H : M → R, or one
can study symplectic embedding obstructions of one symplectic manifold into another (see
e.g. [HZ94,MS98] for more on each of these topics). In this lecture, we will consider the
most basic question of symplectic topology: given two closed symplectic manifolds (M,ω)
and (M ′, ω′) of the same dimension, what properties can permit us to conclude that they are
symplectomorphic, i.e. that there exists a diffeomorphism
ϕ :M
∼=
−→M ′ with ϕ∗ω′ = ω?
We shall deal with two fundamental examples of symplectic manifolds in dimension 4, of
which the second is a generalization of the first.
Example 1.2. Suppose Σ is a closed, connected and oriented surface, and π : M → Σ is
a smooth fibre bundle whose fibres are also closed, connected and oriented surfaces. The
following result of Thurston says that under a mild (and obviously necessary) homological
assumption, such fibrations always carry a canonical deformation class of symplectic forms.
Theorem 1.3 (Thurston [Thu76]). Given a fibration π :M → Σ as described above, suppose
the homology class of the fibre is not torsion in H2(M). Then M admits a symplectic form ω
such that all fibres are symplectic submanifolds of (M,ω). Moreover, the space of symplectic
forms on M having this property is connected.
A symplectic manifold (M,ω) with a fibration whose fibres are symplectic is called a sym-
plectic fibration. As a special case, if the fibres of π :M → Σ are spheres and Σ is a closed
oriented surface, then a symplectic fibration (M,ω) over Σ is called a symplectic ruled sur-
face. This term is inspired by complex algebraic geometry; in particular, the word “surface”
refers to the fact that such manifolds can also be shown to admit complex structures, which
makes them 2-dimensional complex manifolds, i.e. complex surfaces.
Exercise 1.4. Show that the homological condition in Theorem 1.3 is always satisfied if
the fibres are spheres. Hint: A ∈ H2(M) is a torsion class if and only if the homological
intersection number A · B ∈ Z vanishes for all B ∈ H2(M). Consider the vertical subbundle
VM ⊂ TM → M , defined as the set of all vectors in TM that are tangent to fibres of
π :M → Σ. How many times (algebraically) does the zero-set of a generic section of VM →M
intersect a generic fibre of π :M → Σ?
The above class of examples is a special case of the following more general class.
Example 1.5. Suppose M and Σ are closed, connected, oriented, smooth manifolds of di-
mensions 4 and 2 respectively. A Lefschetz fibration of M over Σ is a smooth map
π :M → Σ
with finitely many critical pointsM crit := Crit(π) ⊂M and critical values Σcrit := π(M crit) ⊂
Σ such that near each point p ∈M crit, there exists a complex coordinate chart (z1, z2) compat-
ible with the orientation of M , and a corresponding complex coordinate z on a neighborhood
of π(p) ∈ Σcrit compatible with the orientation of Σ, in which π locally takes the form
(1.1) π(z1, z2) = z
2
1 + z
2
2 .
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Σ = T2
Σcrit
Σcrit
Figure 1. A Lefschetz fibration over T2 with regular fibres of genus 2 and
two singular fibres, each of which has two irreducible components.
Remark 1.6. Any 2n-dimensional manifoldM admits a set of complex coordinates (z1, . . . , zn)
near any point p ∈ M , but it is not always possible to cover M with such coordinate charts
so that the transition maps are holomorphic; this is possible if and only if M also admits a
complex structure. In the definition above, we have not assumed that M admits a com-
plex structure, as the coordinates (z1, z2) are only required to exist locally near the finite
set M crit. Note however that any choice of complex coordinates on some domain determines
an orientation on that domain: this follows from the fact that under the natural identifi-
cation R2n = Cn, any complex linear isomorphism Cn → Cn, when viewed as an element
of GL(2n,R), has positive determinant. In the above definition, we are assuming that the
given orientations ofM and Σ always match the orientations determined by the complex local
coordinates.
A Lefschetz fibration restricts to a smooth fibre bundle over the set Σ \ Σcrit, and the
fibres of this bundle are called the regular fibres of M ; they are in general closed oriented
surfaces, and we may always assume without loss of generality that they are connected (see
Exercise 1.9 below). The finitely many singular fibres π−1(z) for z ∈ Σcrit are immersed
surfaces with finitely many double points that look like the transverse intersection of C×{0}
and {0} × C in C2. Each singular fibre can be decomposed uniquely into a transversely
intersecting union of subsets that are immersed images of connected surfaces: we call these
subsets the irreducible components, see Figure 1.
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Thurston’s theorem about symplectic structures on fibrations was generalized to Lefschetz
fibrations by Gompf. To state the most useful version of this result, we need to generalize the
notion of a “symplectic submanifold” in a way that will also make sense for singular fibres,
which are not embedded submanifolds. Since Lefschetz critical points are defined in terms
of complex local coordinates, one way to do this is by elucidating the relationship between
complex and symplectic structures.
Definition 1.7. Suppose E → B is a smooth real vector bundle of even rank. A complex
structure on E → B is a smooth linear bundle map J : E → E such that J2 = −1.
A symplectic structure on E → B is a smooth antisymmetric bilinear bundle map ω :
E ⊕ E → R which is nondegenerate, meaning ω(v, ·) 6= 0 for all nonzero v ∈ E. We say that
ω tames J if for all v ∈ E with v 6= 0, we have
ω(v, Jv) > 0.
We say additionally that J is compatible with ω if the pairing
gJ(v,w) := ω(v, Jw)
is both nondegenerate and symmetric, i.e. it defines a bundle metric.
One can show that a complex or symplectic structure on a vector bundle implies the exis-
tence of local trivializations for which all transition maps are complex linear maps Cn → Cn or
symplectic linear maps R2n → R2n respectively; see [MS98] for details. An almost complex
structure on a manifold M is simply a complex structure on its tangent bundle TM →M .
Here the word “almost” is inserted in order to distinguish this relatively weak notion from
the much more rigid notion mentioned in Remark 1.6: a complex manifold carries a natu-
ral almost complex structure (defined via multiplication by i in any holomorphic coordinate
chart), but not every almost complex structure arises in this way from local charts, and there
are many manifolds that admit almost complex structures but not complex structures. One
way to paraphrase Definition 1.7 is to say that ω tames J if and only if every complex 1-
dimensional subspace of a fibre in E is also a symplectic subspace; similarly, if (M,ω) is a
symplectic manifold, then ω tames an almost complex structure J on M if and only if every
complex curve in the almost complex manifold (M,J) is also a symplectic submanifold.
With this understood, suppose π : M → Σ is a Lefschetz fibration as defined above. We
will say that a symplectic form ω on M is supported by π if the following conditions hold:
(1) Every fibre of π|M\Mcrit :M \M
crit → Σ is a symplectic submanifold;
(2) On a neighborhood of M crit, ω tames some almost complex structure J that preserves
the tangent spaces of the fibres.
Gompf’s generalization of Thurston’s theorem can now be stated as follows.
Theorem 1.8 (Gompf [GS99]). Suppose M and Σ are closed, connected and oriented man-
ifolds of dimensions 4 and 2 respectively, and π : M → Σ is a Lefschetz fibration for which
the fibre represents a non-torsion class in H2(M). Then the space of symplectic forms on M
that are supported by π is nonempty and connected.
A Lefschetz fibration π :M → Σ on a symplectic manifold (M,ω) with ω supported in the
above sense is called a symplectic Lefschetz fibration.
Exercise 1.9. Assuming M and Σ are closed and connected, show that if π : M → Σ is a
Lefschetz fibration with disconnected fibers, then one can write π = ϕ ◦ π′ where ϕ : Σ′ → Σ
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is a finite covering map of degree at least 2 and π′ : M → Σ′ is a Lefschetz fibration with
connected fibers.
There is a natural way to replace any smooth fibre bundle as in Example 1.2 with a Lefschetz
fibration that has singular fibres, namely by blowing up finitely many points. Topologically,
this can be described as follows: given p ∈ M , choose local complex coordinates (z1, z2) on
some neighborhood N (p) ⊂ M of p that are compatible with the orientation and identify p
with 0 ∈ C2. Let E → CP1 denote the tautological complex line bundle, i.e. the bundle whose
fibre over [z1 : z2] ∈ CP
2 is the complex line spanned by (z1, z2) ∈ C
2. There is a canonical
identification of E\CP1 with C2\{0}, where CP1 ⊂ E here denotes the zero-section. Thus for
some neighborhood N (CP1) ⊂ E of CP1, the above coordinates allow us to identify N (p)\{p}
with N (CP1)\CP1, and we define the (smooth, oriented) blowup M̂ ofM by removing N (p)
and replacing it with N (CP1). There is a natural projection
Φ : M̂ →M,
such that S := Φ−1(p) is a smoothly embedded 2-sphere S ∼= CP1 ⊂ M̂ (called an excep-
tional sphere), whose homological self-intersection number satisfies
(1.2) [S] · [S] = −1.
The restriction of Φ to M̂ \ S is a diffeomorphism onto M \ {p}.
Exercise 1.10. Show that if π :M → Σ is a Lefschetz fibration and p ∈M \M crit, then there
exist complex local coordinates (z1, z2) for a neighborhood of p inM and z for a neighborhood
of π(p) in Σ, both compatible with the orientations, such that π takes the form π(z1, z2) = z1
near p.
Exercise 1.11. Suppose π : M → Σ is a Lefschetz fibration, and M̂ is obtained by blowing
up M at a point p ∈ M \M crit, using a complex coordinate chart as in Exercise 1.10. Then
if Φ : M̂ → M denotes the induced projection map, show that π ◦ Φ : M̂ → Σ is a Lefschetz
fibration, having one more critical point than π : M → Σ and containing the exceptional
sphere Φ−1(p) as an irreducible component of a singular fibre.
Exercise 1.12. Prove that the sphere S ⊂ M̂ created by blowing up M at a point satisfies
(1.2). Hint: you only need to know the first Chern number of the tautological line bundle.
Exercise 1.13. Prove that if M̂ is constructed by blowing up M at a point, then M̂ is
diffeomorphic to the connected sumM#CP2, where the line over CP2 indicates that it carries
the opposite of its canonical orientation (determined by the complex structure of CP2).
It is easy to prove from the above description of the blowup that ifM is a complex manifold,
M̂ inherits a canonical complex structure. What is somewhat less obvious, but nonetheless
true and hopefully not so surprising by this point, is that if (M,ω) is symplectic, then M̂ also
inherits a symplectic form ωˆ that is canonical up to smooth deformation through symplectic
forms (see [MS98]). In this case, the resulting exceptional sphere is a symplectic submanifold
of (M̂ , ωˆ). Conversely, if (M,ω) is any symplectic 4-manifold containing a symplectically
embedded exceptional sphere S ⊂M , then one can reverse the above operation and show that
(M,ω) is the symplectic blowup of another symplectic manifold (M0, ω0), with the resulting
projection Φ : M → M0 collapsing S to a point. We say that a symplectic 4-manifold is
minimal if it contains no symplectically embedded exceptional spheres, which means it is
not the blowup of any other symplectic manifold. McDuff [McD90] proved:
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Theorem 1.14 (McDuff [McD90]). If (M,ω) is a closed symplectic 4-manifold with a max-
imal collection of pairwise disjoint exceptional spheres E1, . . . , EN ⊂ (M,ω), then the sym-
plectic manifold obtained from (M,ω) by “blowing down” along E1, . . . , EN is minimal.
One can also show that if ω is supported by a Lefschetz fibration π : M → Σ, then
the symplectic form ωˆ on the blowup M̂ can be arranged to be supported by the Lefschetz
fibration on M̂ arising from Exercise 1.11.
Symplectic fibrations are a rather special class of symplectic 4-manifolds, but the following
deep theorem of Donaldson indicates that Lefschetz fibrations are surprisingly general exam-
ples. The theorem is actually true in all dimensions; we will not make use of it in any concrete
way in these notes, but it is important to have as a piece of background knowledge.
Theorem 1.15 (Donaldson [Don99]). Any closed symplectic manifold can be blown up finitely
many times to a symplectic manifold which admits a symplectic Lefschetz fibration over S2.
1.2. McDuff’s characterization of symplectic ruled surfaces. If (M,ω) is a symplectic
4-manifold with a supporting Lefschetz fibration π :M → Σ, then it admits a 2-dimensional
symplectic submanifold S ⊂ (M,ω) satisfying
[S] · [S] = 0;
indeed, S can be chosen to be any regular fibre of the Lefschetz fibration. The following
remarkable result says that if S has genus 0, then the converse also holds.
Theorem 1.16 (McDuff [McD90]). Suppose (M,ω) is a closed and connected symplectic 4-
manifold, and S ⊂M is a symplectically embedded 2-sphere satisfying [S] · [S] = 0. Then S is
a fibre of a symplectic Lefschetz fibration π :M → Σ over some closed oriented surface Σ, and
π is a smooth symplectic fibration (i.e. without Lefschetz critical points) whenever (M \S, ω)
is minimal. In particular, (M,ω) can be obtained by blowing up a symplectic ruled surface
finitely many times.
This theorem is false for surfaces S with positive genus (see Remark A.9 for more on this).
There is also no comparably strong result about symplectic fibrations in dimensions greater
than 4, as the theory of holomorphic curves is considerably stronger in low dimensions. Our
main goal for the rest of this lecture will be to sketch a proof of the theorem.
The proof begins with the observation, originally due to Gromov [Gro85], that every sym-
plectic manifold (M,ω) admits an almost complex structure J that is compatible with ω in
the sense of Definition 1.7. Moreover, if S ⊂ (M,ω) is a symplectic submanifold, one can
easily choose a compatible almost complex structure J that preserves TS, i.e. it makes S
into an embedded J-complex curve. The main idea of the proof is then to study the entire
space of J-complex curves homologous to S and show that these must foliate M , possibly
with finitely many singularities.
Let us define the “space of J-complex curves” more precisely. Recall that a Riemann
surface can be regarded as an almost complex1 manifold (Σ, j) with2 dimΣ = 2. Given
(Σ, j) and an almost complex manifold (M,J) of real dimension 2n, we say that a smooth
1Due to a theorem of Gauss, every almost complex structure on a manifold of real dimension 2 is integrable,
i.e. it arises from an atlas of coordiate charts with holomorphic transition maps and is thus also a complex
structure (without the “almost”).
2Unless otherwise noted, all dimensions mentioned in these notes will be real dimensions, not complex.
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map u : Σ → M is J-holomorphic, or pseudoholomorphic (often abbreviated simply as
“holomorphic”), if its tangent map is complex linear at every point, i.e.
(1.3) Tu ◦ j ≡ J ◦ Tu.
This is a first order elliptic PDE: in any choice of holomorphic local coordinates s + it on a
domain in Σ, (1.3) is equivalent to the nonlinear Cauchy-Riemann type equation
∂su(s, t) + J(u(s, t)) ∂tu(s, t) = 0.
Solutions are called pseudoholomorphic curves, where the word “curve” refers to the fact
that their domains are complex one-dimensional manifolds. They have many nice properties,
which are proved by a combination of complex function theory, nonlinear functional anal-
ysis and elliptic regularity theory—a quick overview of the essential properties is given in
Appendix A, and some of these will be used in the following discussion.
For any integer g ≥ 0 and A ∈ H2(M), we define the moduli space M
A
g (M,J) of un-
parametrized closed J-holomorphic curves of genus g homologous to A as the space of
equivalence classes [(Σ, j, u)], where (Σ, j) is a closed connected Riemann surface of genus g,
u : (Σ, j) → (M,J) is a pseudoholomorphic map representing the homology class [u] :=
u∗[Σ] = A, and we write (Σ, j, u) ∼ (Σ
′, j′, u′) if and only if they are related to each other by
reparametrization, i.e. there exists a holomorphic diffeomorphism ϕ : (Σ, j) → (Σ′, j′) (a bi-
holomorphic map) such that u = u′◦ϕ. We will sometimes abuse notation and abbreviate an
equivalence class [(Σ, j, u)] ∈ MAg (M,J) simply as the parametrization “u” when there is no
danger of confusion. The notion of C∞-convergence defines a natural topology onMAg (M,J)
such that a sequence [(Σk, jk, uk)] ∈ M
A
g (M,J) converges to [(Σ, j, u)] ∈ M
A
g (M,J) if and
only if there exist representatives (Σ, j′k, u
′
k) ∼ (Σk, jk, uk) for which
j′k → j and u
′
k → u
uniformly with all derivatives on Σ. In cases where we’d prefer not to specify the homology
class, we will occasionally write
Mg(M,J) :=
∐
A∈H2(M)
MAg (M,J).
Observe that if u : (Σ, j)→ (M,J) is a closed J-holomorphic curve and ϕ : (Σ′, j′)→ (Σ, j)
is a holomorphic map from another closed Riemann surface (Σ′, j′), then u ◦ ϕ : (Σ′, j′) →
(M,J) is also a J-holomorphic curve. If ϕ is nonconstant, then holomorphicity implies that
it has degree deg(ϕ) ≥ 1, with equality if and only if it is biholomorphic; in the case k :=
deg(ϕ) > 1, we then say that u′ is a k-fold multiple cover of u. Note that in this situation,
[u′] = k[u], so for instance, a curve cannot be a multiple cover if it represents a primitive
homology class. We say that a nonconstant closed J-holomorphic curve is simple if it is not
a multiple cover of any other curve.
Returning to the specific situation of McDuff’s theorem, assume J is an ω-compatible
almost complex structure that preserves the tangent spaces of the symplectically embedded
sphere S ⊂ (M,ω). Then (S, J |TS) is a closed Riemann surface of genus 0, and its inclusion
uS : S →֒M is an embedded J-holomorphic curve, defining an element
uS ∈ M
[S]
0 (M,J)
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uk
uk+1
uk+2 v+ v−
Figure 2. A sequence of J-holomorphic spheres uk degenerating to a nodal
curve {v+, v−}.
in the moduli space of J-holomorphic spheres homologous so S. A straightforward application
of standard machinery now gives the following result, a proof of which may be found at the
end of Appendix A.1.
Lemma 1.17. After a C∞-small perturbation of J outside a neighborhood of S, the open
subset M
[S],∗
0 (M,J) ⊂ M
[S]
0 (M,J), consisting of simple J-holomorphic spheres homologous
to [S], is a smooth oriented 2-dimensional manifold, and it is “compact up to bubbling” in the
following sense. There exists a finite set of simple curves B ⊂ M0(M,J) with positive first
Chern numbers such that if uk ∈ M
[S],∗
0 (M,J) is a sequence with no convergent subsequence
in M
[S]
0 (M,J), then it has a subsequence that degenerates (see Figure 2) to a nodal curve
{v+, v−} ∈ M
[S]
0 (M,J) for some v+, v− ∈ B.
The above formulation is a bit lazy since we have not as yet given any definition of the
space M0(M,J) of nodal curves. More precise details of this compactification of M0(M,J)
may be found in Appendix A.1, but for the purposes of the present discussion, it will suffice
to characterize the degeneration of a sequence [(S2, jk, uk)] ∈ M
A
0 (M,J) to a nodal curve
{[(S2, j+, v+)], [(S
2, j−, v−)]} ∈ M
A
0 (M,J) as follows. The nodal curve is assumed to have the
property that any choice of representatives (S2, j±, v±) comes with a distinguished intersection
v+(z+) = v−(z−),
for some pair of points z± ∈ S
2; this intersection is called the node. Given these parametriza-
tions, let C ⊂ S2 denote the equator of the sphere, separating it into the two hemispheres
S2 = D+ ∪C D−,
and choose continuous surjections ϕ± : D± → S
2 that map D˚± diffeomorphically to S
2 \{z±}
and collapse C to z±. The map
u∞ : S
2 →M : z 7→
{
v− ◦ ϕ−(z) for z ∈ D−,
v+ ◦ ϕ+(z) for z ∈ D+
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is then continuous, and smooth on S2 \C. This also defines a complex structure on S2 \C by
j∞ :=
{
ϕ∗−j− on D˚−,
ϕ∗+j+ on D˚+,
though j∞ does not extend smoothly over C. Now the convergence uk → {v+, v−} can be
defined to mean that all of the above choices can be made together with choices of represen-
tatives (S2, jk, uk) such that
uk → u∞ in C
0(S2,M) and C∞loc(S
2 \ C,M), and
jk → j∞ in C
∞
loc(S
2 \ C).
Observe that as a result of the C0-convergence, [v+] + [v−] = A ∈ H2(M).
Lemma 1.17 relies on very general properties of J-holomorphic curves that are valid in all
dimensions; under a few extra assumptions, some version of the same result could be proved
for a 2n-dimensional symplectic manifold (M,ω) containing a symplectically embedded 2-
sphere S ⊂ M with trivial normal bundle. The following improvement, which we will prove
in Lecture 2 (see §2.2), is unique to dimension 4:
Lemma 1.18. The finitely many nodal curves
{v1+, v
1
−}, . . . , {v
N
+ , v
N
− } ∈ M
[S]
0 (M,J)
appearing in Lemma 1.17 have the following properties:
(1) Each vi± : S
2 →M for i = 1, . . . , N is embedded and satisfies [vi±] · [v
i
±] = −1;
(2) vi+ and v
i
− for i = 1, . . . , N intersect each other exactly once, transversely;
(3) For i, j ∈ {1, . . . , N} with i 6= j,
v+i (S
2) ∩ v+j (S
2) = v+i (S
2) ∩ v−j (S
2) = v−i (S
2) ∩ v−j (S
2) = ∅.
Moreover, if F ⊂ M denotes the union of all the images of these nodal curves, then the
curves inM
[S]
0 (M,J) are all embedded and have pairwise disjoint images that define a smooth
foliation of some open subset of M \ F .
With this lemma at our disposal, the proof of Theorem 1.16 concludes as follows: let
X :=
{
p ∈M \ F
∣∣ p is in the image of a curve in M[S]0 (M,J)} .
Lemma 1.18 guarantees that X is an open subset ofM \F , but by the compactness statement
in Lemma 1.17, X is also a closed subset. Since M \ F is connected, we conclude that the
curves in M
[S]
0 (M,J) fill all of it. Now, the compactified moduli space M
[S]
0 (M,J) consists
of M
[S]
0 (M,J) plus finitely many additional elements in the form of nodal curves; it has the
topology of some compact oriented 2-manifold Σ, and the above argument shows that every
point in M is in the image of precisely one element of M
[S]
0 (M,J). This defines a map
π :M →M
[S]
0 (M,J)
∼= Σ,
whose regular fibres are the images of the smoothly embedded curves inM
[S]
0 (M,J), and the
images of nodal curves give rise to Lefschetz singular fibres, each with a unique critical point
where two embedded J-holomorphic spheres intersect transversely. Since all the fibres are
images of J-holomorphic curves and J is ω-tame, the fibres are also symplectic submanifolds.
Furthermore, the irreducible components of the singular fibres are exceptional spheres that
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are disjoint from S (since the latter is also a fibre), thus no singular fibres can exist if (M \S, ω)
is minimal.
Remark 1.19. One can also prove the converse of the statement about minimality, i.e. if the
Lefschetz fibration has no singular fibres then (M \ S, ω) must be minimal. This relies on
another theorem of McDuff [McD90], that for generic J , any exceptional sphere is homologous
to a unique J-holomorphic sphere, which is embedded. A more comprehensive exposition of
this topic and the more general version of McDuff’s theorem for rational and ruled symplectic
4-manifolds is given in [Wenc]; see also [LM96].
1.3. Local foliations by holomorphic spheres. The distinctive power of holomorphic
curve methods in dimension four results from the numerical coincidence that 2 + 2 = 4: in
particular, any pair of holomorphic curves u ∈ MAg (M,J) and v ∈ M
A′
g′ (M,J) has a well-
defined homological intersection number [u] · [v] = A · A′ ∈ Z. We will discuss this subject
in earnest in §2.1, but before that, let us examine a slightly simpler phenomenon that is also
distinctive to dimension 4 and important for the proof of Lemma 1.18.
Suppose (M,J) is a 2n-dimensional almost complex manifold and u ∈ MA0 (M,J) is an
embedded J-holomorphic curve such that the normal bundleNu → S
2 to any parametrization
u : S2 →֒ M is trivial. Since du(z) : (TzS
2, j) → (Tu(z)M,J) is complex linear and injective
for all z ∈ S2, the normal bundle naturally inherits a complex structure such that
u∗TM ∼= TS2 ⊕Nu
as complex vector bundles, so the first Chern numbers of these bundles satisfy
c1(u
∗TM) = c1(TS
2) + c1(Nu) = χ(S
2) + 0 = 2,
where c1(u
∗TM) is shorthand for evaluation of c1(u
∗TM, J) ∈ H2(S2) on the fundamental
class:
c1(u
∗TM) := 〈c1(u
∗TM, J), [S2]〉 = 〈u∗c1(TM, J), [S
2]〉 = 〈c1(TM, J), u∗[S
2]〉 =: c1(A).
If dimM = 4, then triviality of Nu implies that u(S
2) is a symplectically embedded sphere
with self-intersection number 0, and we saw in Lemma 1.17 that in this case dimMA0 (M,J) =
2. More generally, plugging dimM = 2n and c1(A) = 2 into the virtual dimension formula
(A.1) in Appendix A.1 gives
vir-dimMA0 (M,J) = 2(n − 3) + 2c1(A) = 2n− 2.
This means more precisely that if J is sufficiently generic, then the open subset ofMA0 (M,J)
consisting only of simple curves is a smooth manifold of this dimension, and since u itself
is embedded, this is true in particular for some neighborhood of u in MA0 (M,J). Note also
that embeddedness of spheres in M is an open condition, so all other curves near u are
also embedded. This observation and the dimension computation above make the following
question reasonable:
Question 1.20. Do the curves near u in MA0 (M,J) foliate a neighborhood of u(S
2)?
To answer this, let us choose a Riemannian metric on M and assume there exists a smooth
family of parametrizations for the curves near u via sections of its normal bundle, i.e. one can
find a smooth map
(1.4) Ψ : D2n−2 × S2 →M : (τ, z) 7→ uτ (z) := expu(z) hτ (z)
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with hτ ∈ Γ(Nu) for each τ ∈ D
2n−2 and h0 ≡ 0, such that the maps uτ parametrize curves
inMA0 (M,J) and u0 = u. There is something to prove here in our use of the word “smooth,”
but the issue is fundamentally one of analysis and not topology, so we will ignore it for this
discussion. There is then a linear map R2n−2 → Γ(Nu) : X 7→ ηX defined by
ηX(z) = dΨ(0, z)(X, 0) =
d
dt
utX(z)
∣∣∣∣
t=0
,
and the image of this map can be identified with the tangent space TuM
A
0 (M,J). Using
the fact that each uτ : S
2 → M satisfies a nonlinear Cauchy-Riemann type equation, one
can show that all the sections ηX satisfy some linearised Cauchy-Riemann type equation: in
particular, for any choice of local holomorphic coordinates s+ it identifying a domain U ⊂ Σ
with some open set Ω ⊂ C, the local expression for ηX in a complex trivialization over U is a
function f : Ω→ Cn−1 satisfying a linear PDE of the form
(1.5) ∂sf(s, t) + i ∂tf(s, t) +A(s, t)f(s, t) = 0,
for some smooth function A(s, t) valued in the space EndR(C
n−1) of real-linear maps on Cn−1.
Except for the extra 0th-order term, this is the standard Cauchy-Riemann equation, and we
might therefore expect f to have similar properties to an analytic function Ω→ Cn−1, e.g. its
zeroes should be isolated unless ηX ≡ 0. This intuition is made precise by the following
consequence of elliptic regularity theory, often called the similarity principle (a proof may
be found e.g. in [HZ94, §A.6] or [Wena, §2.7]).
Theorem 1.21 (similarity principle). Suppose Ω ⊂ C is an open set, N ∈ N, A : Ω →
EndR(C
N ) is smooth, f : Ω → CN is a smooth function satisfying the equation (1.5), and
z0 ∈ Ω is a point with f(z0) = 0. Then f can be written on some neighborhood z0 ∈ U ⊂ Ω as
(1.6) f(z) = Φ(z)g(z), z ∈ U ,
for some continuous function Φ : U → EndC(C
N ) with Φ(z0) = 1 and a holomorphic function
g : U → CN .
Corollary 1.22. Given f : Ω → CN as in Theorem 1.21, f is either identically zero or has
only isolated zeroes. In the latter case, if N = 1, all zeroes of f have positive order.
Proof. Writing f(z) = Φ(z)g(z) as in (1.6) for z in a neighborhood U of z0, we can assume
after shrinking U that Φ(z) is close to 1 and thus invertible for all z ∈ U . Then f |U is
identically zero if and only if g|U is, and otherwise, g has an isolated zero at z0 and thus so
does f . If the latter holds and also N = 1, then we can further conclude that the winding
number of the loop
R/Z→ C \ {0} : θ 7→ g(z0 + ǫe
2πiθ)
for small ǫ > 0 is positive, and since Φ is close to the identity, the same is true for f . 
The similarity principle implies that sections ηX ∈ TuM
A
0 (M,J) have at most finitely
many zeroes in general, but it implies much more than this in the case where dimM = 4.
Indeed, Nu → S
2 is in this case a complex line bundle, so for any section of this bundle
with only isolated zeroes, the algebraic count of the zeroes is given by the first Chern number
c1(Nu) ∈ Z, which vanishes since the bundle is trivial. But by Corollary 1.22, the zeroes
of any nontrivial section ηX ∈ TuM
A
0 (M,J) all count positively, so it follows that there
cannot be any: ηX is nowhere zero! This is true for all X 6= 0, and thus implies that
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dΨ(0, z) : T(0,z)(D
2 × S2)→ Tu(z)M is an isomorphism for all z ∈ S
2, hence the map (1.4) is
an embedding in some neighborhood of {0} × S2, giving a positive answer to Question 1.20:
Proposition 1.23. If dimM = 4 and u ∈ MA0 (M,J) is an embedded J-holomorphic sphere
with trivial normal bundle, then the images of the curves in MA0 (M,J) near u foliate a
neighborhood of the image of u.
No such general result is possible when dimM > 4, because there is no way to “count” the
number of zeroes of a section of a higher rank complex vector bundle over S2.
Exercise 1.24. Suppose L → Σ is a complex line bundle over a closed Riemann surface
(Σ, j), and V ⊂ Γ(L) is a vector space of sections that satisfy a real-linear Cauchy-Riemann
type equation, so in particular the similarity principle holds for sections η ∈ V . Prove
dimR V ≤ 2 + 2c1(L).
Lecture 2. Intersections, ruled surfaces, and contact boundaries
In this lecture we explain the intersection theory for closed holomorphic curves in dimen-
sion 4 and use it to complete the overview from Lecture 1 of McDuff’s theorem on ruled
surfaces. We will then begin discussing the generalization of these ideas to punctured holo-
morphic curves in symplectic cobordisms, and some applications to the study of symplectic
fillings.
2.1. Positivity of intersections and the adjunction formula. To complete the proof of
Lemma 1.18 from §1.2, we must discuss the intersection theory of J-holomorphic curves in
dimension 4. The notion of “homological” intersection numbers was mentioned already a few
times in the previous lecture, and it will be useful now to review precisely what this means.
Suppose M is a closed oriented 4-manifold, Σ and Σ′ are closed oriented surfaces, and
u : Σ→M, v : Σ′ →M
are smooth maps. An intersection u(z) = v(ζ) = p is transverse if
(2.1) Tu(TzΣ)⊕ Tv(TζΣ
′) = TpM,
and positive if and only if the natural orientation induced on this direct sum by the orienta-
tions of TzΣ and TζΣ
′ matches the orientation of TpM . Otherwise it is called negative, and
we define the local intersection index accordingly as ι(u, z; v, ζ) = ±1. If all intersections
between u and v are transverse, then they are all isolated and thus there are only finitely
many, so we can define the total intersection number
[u] · [v] :=
∑
u(z)=v(ζ)
ι(u, z; v, ζ) ∈ Z.
The choice of notation reflects the fact that [u] · [v] turns out to depend only on the homology
classes [u], [v] ∈ H2(M); in fact, it defines a nondegenerate bilinear symmetric form
H2(M)⊗H2(M)→ Z : [u]⊗ [v] 7→ [u] · [v].
More details on this may be found e.g. in [Bre93].
If u and v have an isolated but non-transverse intersection at u(z) = v(ζ) = p, one can still
define a local intersection index ι(u, z; v, ζ) ∈ Z as follows. By assumption, z and ζ each lie in
the interiors of smoothly embedded closed disks Dz ⊂ Σ and Dζ ⊂ Σ
′ respectively such that
u(Dz \ {z}) ∩ v(Dζ \ {ζ}) = ∅.
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Then one can find a C∞-small perturbation uǫ of u such that uǫ|Dz ⋔ v|Dζ but uǫ(∂Dz) and
v(∂Dζ) remain disjoint. We set
ι(u, z; v, ζ) :=
∑
uǫ(z′)=v(ζ′)
ι(uǫ, z
′; v, ζ ′) ∈ Z,
where the sum is restricted to pairs (z′, ζ ′) ∈ Dz ×Dζ .
Exercise 2.1. Suppose Σ and Σ′ are compact oriented surfaces with boundary, M is an
oriented 4-manifold and
fτ : Σ→M, gτ : Σ
′ →M, τ ∈ [0, 1]
are smooth homotopies of maps with the property that for all τ ∈ [0, 1],
fτ (∂Σ) ∩ gτ (Σ
′) = fτ (Σ) ∩ gτ (∂Σ
′) = ∅.
Show that if fτ and gτ have only transverse intersections for τ ∈ {0, 1}, then
(2.2)
∑
f0(z)=g0(ζ)
ι(f, z; g, ζ) =
∑
f1(z)=g1(ζ)
ι(f, z; g, ζ).
Deduce from this that the above definition of the local intersection index for an isolated
but non-transverse intersection is well defined and independent of the choice of perturbation.
Then, show that (2.2) also holds if the intersections for τ ∈ {0, 1} are assumed to be isolated
but not necessarily transverse. Hint: if you have never read [Mil97], you should.
The following useful result is immediate from the above definition; it can be paraphrased
by saying that “algebraically nontrivial intersections cannot be perturbed away.”
Proposition 2.2. If u : Σ → M and v : Σ′ → M have an isolated intersection u(z) = v(ζ)
with ι(u, z; v, ζ) 6= 0, then for any neighborhood z ∈ Uz ⊂ Σ, any sufficiently C
∞-close
perturbation uǫ of u satisfies u(Uz) ∩ v(Σ
′) 6= ∅.
Recall next that any complex structure on a real vector space induces a preferred orienta-
tion. In the case where u : (Σ, j)→ (M,J) and v : (Σ′, j′)→ (M,J) are both J-holomorphic
curves, this means that each space in (2.1) carries a canonical orientation and they are auto-
matically compatible with the direct sum, hence ι(u, z; v, ζ) = +1. This positivity phenome-
non turns out to be true for non-transverse intersections as well:
Theorem 2.3 (local positivity of intersections). Suppose u : (Σ, j) → (M,J) and v :
(Σ′, j′) → (M,J) are nonconstant pseudoholomorphic maps with u(z) = v(ζ) = p ∈ M
for some z ∈ Σ, ζ ∈ Σ′. Then there exist neighborhoods z ∈ Uz ⊂ Σ and ζ ∈ Uζ ⊂ Σ
′ such
that either u(Uz) = v(Uζ) or
u(Uz \ {z}) ∩ v(Uζ \ {ζ}) = ∅.
Moreover, in the latter case, if dimM = 4 then ι(u, z; v, ζ) ≥ 1, with equality if and only if
the intersection is transverse.
A proof of this theorem is sketched in Appendix B.
To understand the global consequences of Theorem 2.3, observe that there are certain
obvious situations where a pair of closed J-holomorphic curves u : (Σ, j) → (M,J) and
v : (Σ′, j′) → (M,J) have infinitely many intersections, e.g. if they represent the same curve
up to parametrization, or they are multiple covers of the same simple curve. In such cases,
u and v have globally identical images, and we find neighborhoods with u(Uz) = v(Uζ)
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in Theorem 2.3. One can show that in all other cases, the set of intersections is finite, a
phenomenon known as unique continuation. Theorem 2.3 then implies:
Corollary 2.4 (global positivity of intersections). If dimM = 4 and u : (Σ, j) → (M,J)
and v : (Σ′, j′)→ (M,J) are closed connected J-holomorhic curves with non-identical images,
then they have finitely many intersections, and
[u] · [v] ≥ #
{
(z, ζ) ∈ Σ× Σ′
∣∣ u(z) = v(ζ)} ,
with equality if and only if all the intersections are transverse. In particular, [u] · [v] = 0 if
and only if u(Σ) ∩ v(Σ′) = ∅.
We next consider the question of how many times a single closed J-holomorphic curve
u : (Σ, j) → (M,J) intersects itself at two distinct points in its domain, i.e. its count of
double points. This question obviously has no reasonable answer if u is multiply covered,
so let us assume u is simple, in which case it has only finitely many double points. We say
that a point z ∈ Σ is a critical point3 of u if
du(z) = 0.
A simple J-holomorphic curve can also have critical points, but only finitely many, and their
role in intersection theory is dictated by the following lemma. For an oriented surface Σ and
a symplectic manifold (M,ω), we say that a smooth map u : Σ → M is symplectically
immersed if u∗ω > 0.
Lemma 2.5. If u ∈ Mg(M,J) is simple, then for any parametrization u : Σ → M and any
z ∈ Σ, there is a neighborhood z ∈ Uz ⊂ Σ such that u|Uz is injective. Moreover, if du(z) = 0,
dimM = 4, and ωz is an auxiliary choice of symplectic form defined near u(z) and taming J ,
then there exists a positive integer δ(u, z) > 0 depending only on the germ of u near z, such
that u|Uz admits a C
∞-small perturbation to an ωz-symplectically immersed map uǫ : Uz →M
that matches u outside an arbitrarily small neighborhood of z and satisfies4
δ(u, z) =
1
2
∑
uǫ(ζ1)=uǫ(ζ2), ζ1 6=ζ2
ι(uǫ, ζ1;uǫ, ζ2),
where the sum is finite and ranges over pairs (ζ1, ζ2) ∈ Uz × Uz.
A proof of this lemma is sketched in Appendix B. It enables us to define for each simple
curve u ∈ Mg(M,J) the integer
(2.3) δ(u) :=
1
2
∑
u(z)=u(ζ), z 6=ζ
ι(u, z;u, ζ) +
∑
du(z)=0
δ(u, z) ∈ Z,
which we shall call the singularity index of u. The contribution δ(u, z) > 0 for each critical
point z is the local singularity index of u at z.
3This usage of the term “critical point” conflicts with standard terminology since typically dimΣ < dimM ,
hence du(z) can never be surjective and u therefore cannot have any regular points, strictly speaking. Note
however that whenever du(z) 6= 0, the Cauchy-Riemann equation implies that du(z) is injective. For this
reason, we will refer to points with this property as immersed points instead of “regular points”.
4Notice that each geometric double-point uǫ(ζ1) = uǫ(ζ2) appears twice in the summation over pairs (ζ1, ζ2),
hence the factor of 1/2 in the definition of δ(u, z), and similarly in (2.3).
16 CHRIS WENDL
Theorem 2.6. For any simple curve u ∈Mg(M,J) in an almost complex 4-manifold (M,J),
the integer δ(u) defined in (2.3) depends only on the genus g and the homology class [u] ∈
H2(M). Moreover, δ(u) ≥ 0, with equality if and only if u is embedded.
Note that the second statement in Theorem 2.6 is an immediate consequence of Theorem 2.3
and Lemma 2.5. To prove the first statement, we shall relate δ(u) to other quantities that
more obviously depend only on [u] ∈ H2(M) and the genus, for instance the homological
self-intersection number
[u] · [u] ∈ Z.
To compute the latter, it suffices to compute [uǫ]·[uǫ] for any C
∞-small immersed perturbation
uǫ : Σ → M of u. Choose uǫ to be the perturbation promised by Lemma 2.5, so for some
auxiliary symplectic structure ω taming J near the images of the critical points of u, we can
assume uǫ is symplectically immersed near those critical points and matches u everywhere
else. Notice that by Lemma 2.5 and the definition of δ(u),
δ(uǫ) = δ(u).
Denote the normal bundle of uǫ by Nuǫ → Σ. Since uǫ is symplectically immersed in the
region where it differs from u, we can deform the natural complex structure of u∗ǫTM on
this region to one that is tamed by ω but also admits a splitting of complex vector bundles
u∗ǫTM
∼= TΣ⊕Nuǫ . This modification of the complex structure does not change c1(u
∗
ǫTM),
so we then have
(2.4) c1([u]) = c1(u
∗
ǫTM) = c1(TΣ) + c1(Nuǫ) = χ(Σ) + c1(Nuǫ).
This motivates the following notion: we define the normal Chern number cN (u) ∈ Z of
any closed J-holomorphic curve u : (Σ, j)→ (M,J) to be
(2.5) cN (u) := c1([u]) − χ(Σ).
It is equal to c1(Nu) whenever u is immersed, but has the advantage of obviously depending
only on [u] ∈ H2(M) and the topology of the domain, so we can define it without assuming
that u is immersed.
The self-intersection number [u] · [u] = [uǫ] · [uǫ] can now be computed by counting (with
signs) the isolated intersections between uǫ and a generic perturbation of the form
u′ǫ : Σ→M : z 7→ expuǫ(z) η(z),
where η is a generic C0-small smooth section of Nuǫ → Σ, and the exponential map is defined
using any choice of Riemannian metric on M . Figure 3 shows how many intersections we
should expect to see. Any zero of η with order k ∈ Z will produce an intersection of uǫ and
u′ǫ whose local intersection index is also k, and the sum of these orders over all zeroes of η is
c1(Nuǫ). Moreover, any isolated double point uǫ(z) = uǫ(ζ) will produce two intersections of
uǫ and u
′
ǫ with the same local index. These two observations produce the formula
[u] · [u] = 2δ(uǫ) + c1(Nuǫ) = 2δ(u) + cN (u).
Since neither [u] · [u] nor cN (u) depends on the perturbation uǫ, this proves the following
important result, known as the adjunction formula, which implies Theorem 2.6 as an
immediate corollary.
Theorem 2.7 (adjunction formula). For any closed, connected and simple J-holomorphic
curve u in an almost complex 4-manifold (M,J),
(2.6) [u] · [u] = 2δ(u) + cN (u),
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uǫ
u′ǫ
Figure 3. Counting the intersections of uǫ : Σ→M with a perturbation of
the form u′ǫ = expuǫ η for some section η of the normal bundle.
where cN (u) ∈ Z is the normal Chern number (2.5), and δ(u) is a nonnegative integer that
vanishes if and only if u is embedded. 
Corollary 2.8. If u ∈ MAg (M,J) is embedded, then every other simple curve in M
A
g (M,J)
is also embedded. 
Exercise 2.9.
(a) Consider the intersecting holomorphic maps u, v : C→ C2 defined by
u(z) = (z3, z5), v(z) = (z4, z6).
Show that u admits a C∞-small perturbation to a holomorphic function uǫ such that
uǫ and v have exactly 18 intersections in a neighbourhood of the origin, all transverse.
(b) Try to convince yourself that the above count of 18 intersections holds after any
generic C∞-small perturbation of u and/or v.
(c) Show that for any neighbourhood U ⊂ C of 0, the map u admits a C∞-small pertur-
bation to a holomorphic immersion uǫ such that
1
2
#{(z, ζ) ∈ U × U | uǫ(z) = uǫ(ζ), z 6= ζ} = 10.
(d) If you’re especially ambitious, now try to convince yourself that for any perturbation
as in part (c) making all double points of uǫ transverse, the count of double points is
the same.
Exercise 2.10. Recall that H2(CP
2) is generated by an embedded sphere CP1 ⊂ CP2 with
[CP1] · [CP1] = 1. A holomorphic curve u : Σ→ CP2 is said to have degree d ∈ N if
[u] = d[CP1].
Show that all holomorphic spheres of degree 1 are embedded, and any other simple holomor-
phic sphere in CP2 is embedded if and only if it has degree 2.
2.2. Application to ruled surfaces. We now apply the results of the previous section to
complete the proof of Lemma 1.18 from Lecture 1.
Since M
[S]
0 (M,J) contains the embedded curve uS by construction, Corollary 2.8 implies
that all other simple curves in M
[S]
0 (M,J) are also embedded, and we saw in §1.3 that every
18 CHRIS WENDL
embedded curve u ∈ M
[S]
0 (M,J) has a neighborhood inM
[S]
0 (M,J) consisting of embeddings
that foliate an open subset. On a more global level, any two curves u, v ∈ M
[S]
0 (M,J) satisfy
[u] · [v] = [S] · [S] = 0,
thus Corollary 2.4 now implies that u and v are disjoint unless they are identical, hence the
set of all simple curves in M
[S]
0 (M,J) foliates an open subset of M .
We must still rule out the possibility thatM
[S]
0 (M,J) contains a multiple cover, so arguing
by contradiction, suppose u ∈ M
[S]
0 (M,J) is a k-fold cover of a simple curve v : (Σg, j) →
(M,J) with genus g ≥ 0, for some k ≥ 2. This requires the existence of a map ϕ : S2 → Σg
of degree k, but such a map cannot exist if g > 0 since Σg then has a contractible universal
cover and thus π2(Σg) = 0; we conclude g = 0. Moreover, the fact that the embedded sphere
S ⊂M has trivial normal bundle implies via the usual splitting TM |S = TS ⊕NS that
c1([S]) = c1(TS) + c1(NS) = χ(S) = 2,
so [S] = [u] = k[v] implies 2 = kc1([v]), thus k = 2 and c1([v]) = 1. Consider now the
adjunction formula (2.6) applied to the simple curve v:
[v] · [v] = 2δ(v) + cN (v) = 2δ(v) + c1([v]) − 2.
The right hand side is an odd integer since c1([v]) = 1. However, the left hand side is 0, as
0 = [S] · [S] = [u] · [u] = k2[v] · [v], so we have a contradiction.
Next, suppose uk ∈ M
[S]
0 (M,J) is a sequence degenerating to a nodal curve {v+, v−} ∈
M
[S]
0 (M,J), for which Lemma 1.17 guarantees that both v+ and v− are simple and satisfy
c1([v±]) > 0. Since [S] = [uk] = [v+] + [v−] and c1([S]) = 2, this implies
(2.7) c1([v+]) = c1([v−]) = 1.
Since every curve u ∈ M
[S]
0 (M,J) has c1([u]) = c1([S]) = 2 and is simple, this implies that
u and v± can never have identical images, so [u] · [v±] ≥ 0 by positivity of intersections
(Corollary 2.4). Moreover,
0 = [S] · [S] = [u] · ([v+] + [v−]) = [u] · [v+] + [u] · [v−],
where both terms at the right are nonnegative, thus both vanish and we conclude via Corol-
lary 2.4 that u is disjoint from both v+ and v−.
We claim next that v+ and v− cannot be the same curve (up to parametrization): indeed,
if they are, then we have [S] = 2[v+], and applying the adjunction formula to v+ yields the
same numerical contradiction as in the previous paragraph. It follows now by Corollary 2.4
that v+ and v− have finitely many intersections, all of which count positively, and in fact
(2.8) [v+] · [v−] ≥ 1
since they must have at least one intersection, namely at the node. Using [S] = [v+] + [v−]
and (2.7), and plugging in the adjunction formula and (2.7) to compute [v±] · [v±], we find
0 = [S] · [S] = ([v+] + [v−]) · ([v+] + [v−]) = [v+] · [v+] + [v−] · [v−] + 2[v+] · [v−]
= 2δ(v+) + cN (v+) + 2δ(v−) + cN (v−) + 2[v+] · [v−]
= 2δ(v+) + 2δ(v−) + c1([v+])− χ(S
2) + c1([v−])− χ(S
2) + 2[v+] · [v−]
= 2δ(v+) + 2δ(v−) + 2 ([v+] · [v−]− 1) .
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By (2.8), every term in this last sum is nonnegative, implying
δ(v+) = δ(v−) = 0 and [v+] · [v−] = 1.
Applying Corollary 2.4 and Theorem 2.7, we deduce that v± are each embedded and intersect
each other exactly once, transversely. Applying the adjunction formula again to v± with
cN (v±) = c1([v±])− χ(S
2) = −1 then gives
[v±] · [v±] = 2δ(v±) + cN (v±) = 0− 1 = −1,
so both are J-holomorphic parametrizations of exceptional spheres.
Finally, we show that if {v+, v−} and {v
′
+, v
′
−} are two non-identical nodal curves arising
as limits of curves in M
[S]
0 (M,J), then they are disjoint. Here “non-identical” can be taken
to mean without loss of generality (i.e. by reversing the labels of v+ and v− if necessary) that
v+ is not equivalent to either v
′
+ or v
′
− up to parametrization, so positivity of intersections
gives [v+] · [v
′
±] ≥ 0. It could still happen in theory that v− is equivalent to one of v
′
+ or v
′
−;
say the latter, without loss of generality. Then [v−] · [v
′
−] = −1 by the above computation,
while [v+] · [v−] = [v+] · [v
′
−] = 1 and [v
′
+] · [v
′
−] = [v
′
+] · [v−] = 1, thus
0 = [S] · [S] = ([v+] + [v−]) ·
(
[v′+] · [v
′
−]
)
= [v+] · [v
′
+] + [v+] · [v
′
−] + [v−] · [v
′
+] + [v−] · [v
′
−]
≥ 0 + 1 + 1− 1 = 1,
giving a contradiction. The only remaining possibility is that each of v± is not equivalent to
each of v′±, so their intersections are all positive, and the expansion above implies that they
are all zero, thus both curves in {v+, v−} are disjoint from both curves in {v
′
+, v
′
−}. The proof
of Lemma 1.18 is now complete.
To conclude our discussion of the closed case, let us note which properties of the intersection
theory we made essential use of in the above argument:
• The pairing [u] · [v] is homotopy invariant.
• The condition [u] · [v] = 0 guarantees that two curves u and v with non-identical
images are disjoint ; moreover, if they have a known intersection, then [u] · [v] = 1
guarantees that that intersection is transverse.
• There is a homotopy invariant number δ(u) ≥ 0 defined for simple curves u, which can
be computed in terms of [u] · [u] and whose vanishing guarantees that u is embedded.
In order to produce a useful theory for studying contact 3-manifolds, we will want the inter-
section theory defined in the next two lectures for punctured holomorphic curves to have all
of these same properties.
2.3. Contact manifolds, symplectic fillings and cobordisms. The goal for the remain-
der of these lectures will be to explain a generalization of the intersection theory described
above that has applications in 3-dimensional contact topology. One way to motivate the study
of contact manifolds is by considering symplectic manifolds with boundary.
A vector field V on a symplectic manifold (M,ω) is called a Liouville vector field if it
satisfies
LV ω = ω,
i.e. its flow rescales the symplectic form exponentially. By Cartan’s formula for the Lie
derivative, this is equivalent to the condition
dλ = ω, where λ := ιV ω,
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and the primitive λ is then called a Liouville form. We say in this case that λ is ω-dual
to V .
Definition 2.11. Suppose (W,ω) is a symplectic manifold with boundary. A boundary
component M ⊂ ∂W is called convex/concave if a neighborhood of M admits a Liouville
vector field that points transversely outward/inward respectively at M .
Exercise 2.12. SupposeM is an oriented hypersurface in a 2n-dimensional symplectic man-
ifold (W,ω), and V is a Liouville vector field defined near M , with ω-dual Liouville form λ.
Show that V is positively/negatively transverse toM if and only if the restriction of λ∧(dλ)n−1
to M is a positive/negative volume form respectively.
Exercise 2.13. Show that in the situation of Exercise 2.12, the spaces of Liouville forms λ
defined near M ⊂ (W,ω) such that λ ∧ dλn−1|TM is a positive or negative volume form are
convex.
Exercise 2.12 leads directly to the notion of a contact manifold: we say that a 1-form α on
an oriented (2n− 1)-dimensional manifold is a (positive) contact form if
(2.9) α ∧ (dα)n−1 > 0,
and a (positive, co-oriented) contact structure is any smooth co-oriented hyperplane dis-
tribution ξ ⊂ TM that can be defined by ξ = kerα for some contact form α. Exercises 2.12
and 2.13 show that whenever M ⊂ ∂W is a convex/concave boundary component of a sym-
plectic manifold (W,ω), the oriented manifold ±M inherits a positive5 contact structure,
which is unique up to deformation through families of contact structures. Whenever M
is closed, Gray’s stability theorem (see e.g. [Gei08]) then implies that the induced contact
structure on M is in fact canonical up to isotopy.6
Exercise 2.14. Show that the contact condition (2.9) is equivalent to the condition that
α is nowhere zero and dα restricts to a nondegenerate 2-form on ξ := kerα, i.e. it makes
(ξ, dα)→M a symplectic vector bundle.
Definition 2.15. Given two closed contact manifolds (M+, ξ+) and (M−, ξ−) of the same
dimension, a symplectic cobordism from7 (M−, ξ−) to (M+, ξ+) is a compact symplectic
manifold (W,ω) with
∂W = −M− ⊔M+,
such that a neighborhood of ∂W admits a Liouville form λ with
ker
(
λ|TM±
)
= ξ±.
If M− = ∅, we call (W,ω) a (strong) symplectic filling of (M+, ξ+), and if M+ = ∅, we say
(W,ω) is a symplectic cap for (M−, ξ−).
5We are assuming M carries its canonical orientation as a boundary component of the symplectic manifold
(W,ω), but also using the notation −M to mean the same manifold with reversed orientation—thus a positive
contact structure on −M is in fact a negative contact structure on M .
6Gray’s stability theorem states that any smooth 1-parameter family of contact structures on a closed
manifold arises from an isotopy. It is specifically true for contact structures and not contact forms, and this is
one good reason why regard the contact structure on a convex/concave boundary of a symplectic manifold as
a well-defined object, whereas the contact form is only auxiliary data.
7Certain orientation conventions are not universally agreed upon: there is a vocal minority of authors who
would describe what we are defining here as a “symplectic cobordism from (M+, ξ+) to (M−, ξ−).” Whichever
convention one prefers, one must be consistent about it—unlike topological cobordisms, the existence of a
symplectic cobordism in one direction does not imply that one in the other direction also exists!
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There are many interesting questions one can ask about contact manifolds and the existence
of symplectic fillings or cobordisms, and most (though not all) known results in this area are
in dimension three. Here is a brief sampling of known results:
(1) Martinet [Mar71] proved that every closed oriented 3-manifold admits a contact struc-
ture.
(2) A combination of results due to Gromov and Eliashberg [Gro85,Eli90,Eli89] implies
that any contact structure on any closed 3-manifold M is homotopic through oriented
2-plane fields to a contact structure ξ for which (M, ξ) admits no symplectic filling.
These are the so-called overtwisted contact structures.
(3) A result of Lisca [Lis98] even gives examples of closed oriented 3-manifolds on which no
contact structure is symplectically fillable. Etnyre and Honda [EH01] later extended
this to find 3-manifolds on which every contact structure is overtwisted.
(4) In contrast to fillings, Etnyre and Honda [EH02] showed that symplectic caps do exist
for any closed contact 3-manifold, and in fact they come in infinitely many distinct
topological types.
(5) Etnyre and Honda [EH02] also showed that every closed overtwisted contact 3-manifold
admits a symplectic cobordism to every other closed contact 3-manifold.
Let us state more carefully two further results along these lines that we will discuss further
in Lecture 5. We say that two symplectic manifolds (W,ω) and (W ′, ω′) with convex boundary
are symplectically deformation equivalent if there is a diffeomorphism ϕ :W →W ′ such
that ϕ∗ω′ can be deformed to ω through a smooth 1-parameter family of symplectic forms
that are all convex at the boundary. The standard contact structure ξstd on S
3 is defined
by identifying S3 with the boundary of the unit ball B4 with its standard symplectic form
ωstd :=
2∑
j=1
dxj ∧ dyj
and Liouville form
λstd :=
1
2
2∑
j=1
(xj dyj − yj dxj) .
By this definition, (B4, ωstd) is a symplectic filling of (S
3, ξstd), and one can trivially produce
other fillings of (S3, ξstd) with different topological types by blowing up (B
4, ωstd) in its
interior. This procedure however produces a fairly limited range of topological types for
manifolds W with ∂W = S3. Note that in terms of smooth topology, almost anything can
have boundary S3: just take any closed oriented 4-manifold, remove a ball and reverse the
orientation. Symplectically, however, the situation is very different:
Theorem 2.16 (Gromov [Gro85]). Every symplectic filling of (S3, ξstd) is symplectically de-
formation equivalent to a blowup of (B4, ωstd).
Similarly, S1 × S2 and the lens spaces L(k, k − 1) for k ∈ N each carry standard contact
structures as convex boundaries of certain symplectic manifolds, and their fillings are also
unique in the above sense:
Theorem 2.17. The contact manifolds (S1 × S2, ξstd) and (L(k, k − 1), ξstd) for k ∈ N each
have unique symplectic fillings up to deformation equivalence and blowup.
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Theorem 2.17 was proved for S1 × S2 originally by Eliashberg [Eli90], and the uniqueness
for L(k, k − 1) up to diffeomorphism was proved by Lisca [Lis08]. In the forms stated above,
Theorems 2.16 and 2.17 are both easy applications of a more general result from [Wen10b],
that can be thought of as an analogue of McDuff’s Theorem 1.16 for symplectic fillings of
certain contact 3-manifolds. This will be the main subject of Lecture 5.
2.4. Asymptotically cylindrical holomorphic curves. It is not usually useful to consider
closed holomorphic curves in symplectic cobordisms—for example, the symplectic form on a
cobordism could be exact, in which case Stokes’ theorem implies that all closed holomorphic
curves for a tame almost complex structure are trivial. A useful alternative is to consider
noncompact holomorphic curves with cylindrical ends, and the proper setting for this is the
noncompact completion of a symplectic cobordism. The study of holomorphic curves in this
setting is a large subject known as Symplectic Field Theory (see [EGH00]), and we shall only
touch upon a few aspects of it here.
Assume (W,ω) is a symplectic cobordism from (M−, ξ−) to (M+, ξ+), with a neighborhood
of ∂W admitting a Liouville form λ such that
ξ± = kerα±, where α± := λ|TM± .
Exercise 2.18. Show that the flow fromM± along the Liouville vector field dual to λ identifies
collar neighborhoods N (M±) ⊂W of M± with the models
(N (M+), λ) ∼= ((−ǫ, 0]×M+, e
sα+),
(N (M−), λ) ∼= ([0, ǫ) ×M−, e
sα−)
for sufficiently small ǫ > 0, where s denotes the real coordinate in (−ǫ, 0] or [0, ǫ).
For any contact manifold (M, ξ = kerα), the exact symplectic manifold (R ×M,d(esα))
is called the symplectization of (M, ξ); one can show that its symplectomorphism type
depends on ξ but not on the choice of contact form α. A choice of α does however determine a
distinguished vector field that spans the characteristic line fields of the hypersurfaces {s}×M :
we define the Reeb vector field to be the unique vector field Rα on M satisfying
dα(Rα, ·) ≡ 0 and α(Rα) ≡ 1.
The symplectic completion of the cobordism (W,ω) is defined by attaching halves of
symplectizations along the collar neighborhoods from Exercise 2.18, producing the noncom-
pact symplectic manifold (see Figure 4).
(2.10) (Ŵ , ωˆ) :=
(
(−∞, 0]×M−, d(e
sα−)
)
∪M− (W,ω) ∪M+
(
[0,∞)×M+, d(e
sα+)
)
.
Informally, the symplectization of (M, ξ) can also be thought of as the completion of a trivial
symplectic cobordism from (M, ξ) to itself.
Given a choice of contact form α for ξ, (R ×M,d(esα)) carries a special class J (α) of
compatible almost complex structures J , defined by the conditions
• J(∂s) = Rα;
• J(ξ) = ξ and J |ξ is compatible with dα|ξ ;
• J is invariant under the translation action (s, p) 7→ (s+ c, p) for all c ∈ R.
For any J ∈ J (α), a periodic orbit x : R → M of Rα with period T > 0 gives rise to a
J-holomorphic cylinder
u : R× S1 → R×M : (s, t) 7→ (Ts, x(T t)).
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(W,ω)
([0,∞) ×M+, d(e
sα+))
((−∞, 0] ×M−, d(e
sα−))
([0, ǫ) ×M−, d(e
sα−))
((−ǫ, 0] ×M+, d(e
sα+))
Figure 4. The completion of a symplectic cobordism is constructed by
attaching half-symplectizations to form cylindrical ends.
Such curves are referred to as orbit cylinders (sometimes also trivial cylinders), and they
serve as asymptotic models for the more general class of holomorphic curves that we now
wish to consider.
Indeed, on the completion (Ŵ , ωˆ) as defined above, let J (ω,α+, α−) denote the space
of almost complex structures that are compatible with ω on W and belong to J (α±) on
[0,∞) ×M+ and (−∞, 0] ×M− respectively. A choice of J ∈ J (ω,α+, α−) makes (Ŵ , J)
into an almost complex manifold with cylindrical ends. A Riemann surface with
cylindrical ends can likewise be constructed by introducing punctures into a closed Riemann
surface. Namely, suppose (Σ, j) is closed, and Γ ⊂ Σ is a finite set partitioned into two subsets
Γ = Γ+⊔Γ−, which we will call the positive and negative punctures, writing the resulting
punctured surface as
Σ˙ := Σ \ Γ.
Near each z ∈ Γ±, one can identify a closed neighborhood Dz ⊂ Σ of z biholomorphically
with the standard unit disk (D, i) such that z is identified with the origin, and then identify
D \ {0} in turn with a half-cylinder via the biholomorphic map
[0,∞)× S1 → D \ {0} : (s, t) 7→ e−2π(s+it), for z ∈ Γ+,
(−∞, 0]× S1 → D \ {0} : (s, t) 7→ e2π(s+it), for z ∈ Γ−.
We will refer to this identification as a choice of cylindrical coordinates near z ∈ Γ±.
Making such a choice for all punctures, this determines a decomposition
(2.11) Σ˙ =
(
(−∞, 0]× C−
)
∪C− Σ0 ∪C+
(
[0,∞) × C+
)
24 CHRIS WENDL
Σ˙ = Σ \ Γ
z
w ζ
u W
γz
γw γζ
[0,∞) ×M+
(−∞, 0] ×M−
Figure 5. An asymptotically cylindrical map u : Σ˙ → Ŵ of a punctured
surface of genus 2 into a completed cobordism, with one positive puncture
z ∈ Σ asymptotic to a Reeb orbit γz in M+, and two positive punctures
w, ζ ∈ Σ asymptotic to Reeb orbits γw and γζ in M−.
analogous to (2.10), where Σ0 := Σ\
⋃
z∈Γ D˚z can be regarded as a cobordism ∂Σ0 = −C−⊔C+
between two disjoint unions of circles C±, and the complex structure on the cylindrical ends
is always the standard one, i.e. with i∂s = ∂t in cylindrical coordinates (s, t).
We say that a smooth map u : Σ˙→ Ŵ is (positively or negatively) asymptotic at z ∈ Γ±
to a T -periodic orbit x : R→M± of Rα± if there exists a choice of cylindrical coordinates as
above in which u near z takes the form
u(s, t) = exp(Ts,x(Tt)) h(s, t) ∈ R×M± for |s| large,
where the exponential map is defined with respect to a translation-invariant choice of Rie-
mannian metric on R×M±, and h(s, t) is a vector field along the orbit cylinder that decays
to 0 with all derivatives as s→ ±∞. We say that u : Σ→M is asymptotically cylindrical
if it is positively/negatively asymptotic to some closed Reeb orbit in M+ or M− respectively
at each of its positive/negative punctures; see Figure 5.
Observe that the completion Ŵ admits a natural compactification as a compact topological
manifold with boundary:
W :=
(
[−∞, 0]×M−
)
∪M− W ∪M+
(
[0,∞]×M+
)
.
In the same way, the decomposition (2.11) allows us to define the circle compactification
Σ of Σ˙, a compact topological 2-manifold with boundary whose interior is identified with Σ˙.
It follows then from the definition above that any asymptotically cylindrical map u : Σ˙→ Ŵ
extends naturally to a continuous map
u¯ : Σ→W
which takes each component of ∂Σ to a closed Reeb orbit in {±∞} ×M±.
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We can now define moduli spaces of punctured J-holomorphic curves as follows. Choose
finite ordered sets of closed Reeb orbits
γ
+ = (γ+1 , . . . , γ
+
r+) in M+ and γ
− = (γ−1 , . . . , γ
−
r−) in M−,
and define
Mg(Ŵ , J ;γ
+,γ−) :=
{
(Σ, j,Γ+,Γ−, u)
}/
∼,
where
• (Σ, j) is a closed connected Riemann surface of genus g;
• Γ± = (z±1 , . . . , z
±
r±) are disjoint finite ordered sets of pairwise distinct points in Σ,
defining a punctured surface Σ˙ := Σ \ (Γ+ ∪ Γ−);
• The map u : (Σ˙, j) → (Ŵ , J) is J-holomorphic and asymptotic to γ±i at z
±
i ∈ Γ
± for
i = 1, . . . , r±;
• Two such tuples are considered equivalent if they are related by a biholomorphic map
that preserves the sets of positive and negative punctures, along with their orderings.
We shall denote unions of these spaces over all possible choices of data by
Mg,r+,r−(Ŵ , J) :=
⋃
|γ±|=r±
Mg(Ŵ , J ;γ
+,γ−) and Mg(Ŵ , J) :=
⋃
r+,r−≥0
Mg,r+,r−(Ŵ , J).
A topology on Mg(Ŵ , J) can be defined by saying that a sequence [(Σk, jk,Γ
+
k ,Γ
−
k , uk)] con-
verges to [(Σ, j,Γ+,Γ−, u)] if there exist representatives (Σ, j′k,Γ
+,Γ−, u′k) ∼ (Σk, jk,Γ
+
k ,Γ
−
k , uk)
such that
jk → j in C
∞(Σ), uk → u in C
∞
loc(Σ˙, Ŵ ), and u¯k → u¯ in C
0(Σ,W ).
Our goal for the next pair of lectures will be to write down generalizations of the homological
intersection number and the adjunction formula for curves in Mg(Ŵ , J). These will be
instrumental in the proof of Theorems 2.16 and 2.17.
Lecture 3. Asymptotics of punctured holomorphic curves
If u1 ∈ Mg(Ŵ , J ;γ
+
1 ,γ
−
1 ) and u2 ∈ Mg(Ŵ , J ;γ
+
2 ,γ
−
2 ) are two asymptotically cylindrical
holomorphic curves in a 4-dimensional completed symplectic cobordism, it remains true as in
the closed case that intersections of u1 with u2 are isolated and positive unless both curves
have identical images (i.e. they cover the same simple curve up to parametrization). Since the
domains are no longer compact, however, it is not obvious whether the number of intersections
is still finite. If it is finite, then one can define an algebraic intersection number
u1 · u2 ∈ Z
which is guaranteed to be nonnegative, and strictly positive unless the two curves are disjoint.
Such a number is not very useful though unless it is homotopy invariant, i.e. we would like to
know that for any family us ∈Mg(Ŵ , J ;γ
+
1 ,γ
−
1 ) that depends continuously (with respect to
the topology of the moduli space) on a parameter s ∈ [0, 1], we have u0 · u2 = u1 · u2. This
turns out to be false in general, as the noncompactness of the domains can allow intersections
to escape to infinity and disappear under homotopies (see Figure 6). It is a very powerful fact,
first suggested by Hofer and then worked out in detail by Siefring [Sie05,Sie08,Sie11], that this
phenomenon can be controlled: one can define for any two distinct punctured holomorphic
curves a count of virtual intersections that are “hidden at infinity,” such that the sum of this
number with u1 · u2 is homotopy invariant. We will define this precisely in the next lecture
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δ(u) = 0δ(u) > 0 δ(u) > 0
Figure 6. The condition of two asymptotically cylindrical holomorphic
curves (or two ends of the same curve) being disjoint is not homotopy in-
variant, as intersections can escape to infinity if the two asymptotic Reeb
orbits coincide.
and explain some applications in Lecture 5. As a preliminary step, it is necessary to gain a
fairly precise understanding of the asymptotic behavior of punctured holomorphic curves, so
that will be the topic for this lecture.
3.1. Holomorphic half-cylinders as gradient-flow lines. Historically, the study of punc-
tured holomorphic curves arose from an analogy with Floer’s interpretation of Morse theory
as the study of gradient-flow lines of a Morse function (see e.g. [Sal99]). In Morse theory,
one considers a manifold M with a smooth function f : M → R, which is called a Morse
function if its Hessian at every critical point p ∈ Crit(f)
Hessp := ∇df(p) : TpM × TpM → R
is nondegenerate; here ∇ denotes the covariant derivative for any choice of connection on M ,
but the Hessian does not depend on this choice since df(p) = 0. Recall that the Hessian
is automatically a symmetric bilinear map, and if we choose a Riemannian metric g with
Levi-Civita connection ∇ and consider instead the covariant derivative of the gradient, we
can then identify Hessp with the linear map
Ap := ∇(∇f)(p) : TpM → TpM,
which is symmetric with respect to the inner product defined by g. One way of proving
the classical Morse inequalities on M is by defining a homology theory with a chain complex
generated by critical points in Crit(f), and a differential defined by counting isolated solutions
to the gradient-flow problem
M(p+, p−) :=
{
x : R→M
∣∣∣ x˙ = ∇f(x) and lim
s→±∞
x(s) = p±
}
,
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for p± ∈ Crit(f). In particular, one can show that the resulting homology theory is isomorphic
to the usual singular homology H∗(M), thus giving relations between the topology of M and
the set of critical points of f , see e.g [Sch93].
Since the Hessian Ap = ∇(∇f)(p) is symmetric, its eigenvectors in TpM are orthogonal
and its eigenvalues are real. Another way of expressing the Morse condition is to say that
0 6∈ σ(Ap) for all p ∈ Crit(f), and the Morse index of p is then the algebraic count of negative
eigenvalues in σ(Ap). It turns out that the spectrum σ(Ap) also controls the asymptotic
behavior of gradient-flow lines approaching p: the following result from the theory of ordinary
differential equations makes this statement precise.
Proposition 3.1. Suppose f :M → R is a Morse function on a Riemannian manifold (M,g),
and x ∈ M(p+, p−) is a gradient-flow line between two critical points p+, p− ∈ Crit(f). Let
h±(s) ∈ Tp±M denote the unique smooth functions defined for s sufficiently close to ±∞ by
x(s) = expp± h±(s).
Then there exist unique nontrivial eigenvectors v± ∈ Tp±M of Ap± with
Ap±v± = λ±v±, λ+ < 0 and λ− > 0,
such that h+(s) and h−(s) satisfy the exponential decay formula
h±(s) = e
λ±s(v± + r±(s)) for s near ±∞,
where r±(s) ∈ Tp±M are functions satisfying r±(s)→ 0 as s→ ±∞.
Exercise 3.2. Try to prove the following lemma in the background of Proposition 3.1: sup-
pose S is a real symmetric n-by-n matrix, A(s) is a smooth matrix-valued function with
A(s) → S as s → ∞ and v(s) ∈ Rn is a smooth function that is defined for large s, satisfies
the linear ODE v˙(s)−A(s)v(s) = 0 and decays to 0 as s→∞. Then v(s) satisfies
v(s) = eλs(v+ + r(s))
for a unique eigenvector v+ of S with Sv+ = λv+ and λ < 0, and a function r(s) with r(s)→ 0
as s→∞.
One consequence of Proposition 3.1 is that the direction of approach of a gradient-flow
line to a nondegenerate critical point is always determined by an eigenvector of the Hessian.
We will not discuss this result any further here, but it will serve as motivation for some
similar results about asymptotics of J-holomorphic half-cylinders, which can be proved using
methods of elliptic regularity theory.
To see what this discussion has to do with holomorphic curves, consider a contact manifold
(M, ξ) with contact form α and translation-invariant almost complex structure J ∈ J (α) on
the symplectization (R×M,d(esα)). Denote the positive/negative half-cylinders by
Z+ := [0,∞) × S
1, Z− := (−∞, 0]× S
1
with their standard complex structures defined by i∂s = ∂t in the coordinates (s, t). We
defined in §2.4 what it means for a J-holomorphic half-cylinder u : (Z±, i) → (R ×M,J) to
be asymptotic to a closed Reeb orbit. We claim that such half-cylinders can be regarded in
a loose sense as gradient-flow lines of a functional on C∞(S1,M) whose critical points are
closed Reeb orbits. To see this, let πα : TM → ξ denote the projection along the Reeb vector
28 CHRIS WENDL
field. Then the nonlinear Cauchy-Riemann equation ∂su + J(u) ∂tu = 0 satisfied by a map
u = (f, v) : Z± → R×M is equivalent to the three equations
∂sf − α(∂tv) = 0,
∂tf + α(∂sv) = 0,
πα∂sv + J πα∂tv = 0.
(3.1)
Consider the contact action functional
Φα : C
∞(S1,M)→ R : γ 7→
∫
S1
γ∗α.
Exercise 3.3. Show that for any smooth 1-parameter family of loops γs : S
1 → M with
γ := γ0 and η := ∂sγs|s=0 ∈ Γ(γ
∗TM),
dΦα(γ)η :=
d
ds
Φα(γs)
∣∣∣∣
s=0
=
∫
S1
dα(η(t), γ˙(t)) dt.
Deduce that γ ∈ C∞(S1,M) is a critical point of Φα if and only if γ˙(t) ∈ ker dα for all t,
meaning γ˙ is everywhere proportional to Rα.
Observe that Φα has a very large symmetry group: it is independent of the choice of
parametrization for a loop γ : S1 → M , and correspondingly, dΦα(γ)η vanishes for any
variation η in the direction of the Reeb vector field. Since the main point of this discussion
however is to study asymptotic approach to Reeb orbits, we can limit our attention to loops
that are C∞-close to Reeb orbits: such loops are always immersions transverse to ξ, and
all nearby loops are obtained (up to parametrization) via perturbations along ξ. We shall
therefore consider dΦα(γ) restricted to sections of γ
∗ξ. Define an L2-inner product on Γ(γ∗ξ)
by
(3.2) 〈η1, η2〉L2 :=
∫
S1
dα(η1(t), Jη2(t)) dt;
this is nondegenerate and symmetric since J |ξ is compatible with dα|ξ. Now for any γ ∈
C∞(S1,M) and η ∈ Γ(γ∗ξ), we have
dΦα(γ)η = 〈−Jπαγ˙, η〉L2 ,
thus we can sensibly define ∇ξΦα(γ) := −Jπαγ˙ and interpret the third equation in (3.1) as a
gradient flow equation for the family of loops v(s) := v(s, ·) ∈ C∞(S1,M),
(3.3) πα∂sv(s) = ∇
ξΦα(v(s)).
This interpretation is mostly formal, as equations like (3.3) typically do not yield well-defined
flows on infinite-dimensional Fre´chet manifolds such as C∞(S1,M); in reality, one must study
these equations as PDEs rather than ODEs and use elliptic theory to obtain results, but the
gradient-flow interpretation provides something of a blueprint indicating what results one
should try to prove.
For example, it is now reasonable to expect that the asymptotic behavior of solutions to
(3.1) might be controlled by the spectrum of some symmetric operator interpreted as the
“Hessian” of Φα. We deduce the form of this operator as follows. Assume γ : S
1 → M
parametrizes a Reeb orbit with period T > 0 such that α(γ˙(t)) = T for all t. Suppose γs is a
smooth 1-parameter family of loops with γ0 = γ and ∂sγs|s=0 =: η ∈ Γ(γ
∗ξ). Then choosing
CONTACT 3-MANIFOLDS, HOLOMORPHIC CURVES AND INTERSECTION THEORY 29
any symmetric connection ∇ on M , the Hessian of Φα at γ should map η to the covariant
derivative of ∇ξΦα in the direction η: a computation gives
(3.4) ∇
(
∇ξΦα
)
(γ)η := ∇s
(
∇ξΦα
)
(γs)
∣∣∣
s=0
= ∇s (−Jπαγ˙s)|s=0 = −J(∇tη − T∇ηRα).
Note that since ∇ξΦα(γ) = 0, this expression is independent of the choice of connection. This
motivates the following definition.
Definition 3.4. Given a Reeb orbit γ : S1 → M parametrized so that α(γ˙) ≡ T > 0 is
constant, the asymptotic operator associated to γ is
Aγ : Γ(γ
∗ξ)→ Γ(γ∗ξ) : η 7→ −J(∇tη − T∇ηRα).
Exercise 3.5. Fill in the gaps in the computation (3.4).
By a similar argument as with the usual Hessian of a smooth function on a finite-dimensional
manifold, one can show that Aγ is always symmetric with respect to the L
2-inner product
(3.2). In fact:
Proposition 3.6 ([HWZ95, §3]). For every Reeb orbit γ, the asymptotic operator Aγ de-
termines an unbounded self-adjoint operator on L2(γ∗ξ) with dense domain H1(γ∗ξ). Its
spectrum σ(Aγ) consists of real eigenvalues that accumulate at −∞ and +∞, and nowhere
else.
The natural analogue of the Morse condition for Φα is now the following.
Definition 3.7. A Reeb orbit γ is called nondegenerate if kerAγ = {0}.
Exercise 3.8. Show that for any contact form α, the flow ϕtRα of the Reeb vector field
preserves α for all t, so in particular, it preserves ξ = kerα and the symplectic bundle
structure dα|ξ . Then show that a Reeb orbit γ : S
1 → M of period T > 0 is nondegenerate
if and only if
dϕTRα |ξγ(0) : ξγ(0) → ξγ(0)
does not have 1 as an eigenvalue. Deduce from this that nondegenerate Reeb orbits are always
isolated in C∞(S1,M).
3.2. Asymptotic formulas for cylidrical ends. We shall now state some asymptotic re-
sults analogous to Proposition 3.1, but for holomorphic curves instead of gradient-flow lines.
In the form presented here, these results are due to Siefring [Sie05,Sie08], and they are gener-
alizations and improvements of earlier results of Hofer-Wysocki-Zehnder [HWZ96a,HWZ96b],
Kriener [Kri98] and Mora [Mor03]. The proofs are lengthy and technical, so we will omit them,
but the results should hopefully be believable via the analogy with Morse theory discussed
above.
The basic workhorse result of this subject is an asymptotic analogue of the similarity
principle (Theorem 1.21), in the spirit of Exercise 3.2. To state this, recall that for any closed
Reeb orbit γ : S1 → M on a (2n + 1)-dimensional contact manifold (M, ξ = kerα), one
can find a unitary trivialization of the bundle γ∗ξ → S1, identifying dα|ξ and J |ξ with the
standard symplectic and complex structures on R2n = Cn. If J0 : R
2n → R2n denotes the
standard complex structure, the asymptotic operator Aγ : Γ(γ
∗ξ)→ Γ(γ∗ξ) is then identified
with a first-order differential operator
(3.5) A := −J0
d
dt
− S : C∞(S1,R2n)→ C∞(S1,R2n),
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where S : S1 → End(R2n) is a smooth loop of real 2n-by-2n matrices, and symmetry of A
with respect to the standard L2-inner product translates into the condition that S(t) is a
symmetric matrix for all t. The following statement and the two that follow it should each be
interpreted as two closely related statements, one with plus signs and the other with minus
signs.
Theorem 3.9. Suppose S : Z± → End(R
2n) is a smooth family of 2n-by-2n matrices satis-
fying
S(s, t) 7→ S(t) uniformly in t as s→ ±∞,
where S : S1 → End(R2n) is a smooth family of symmetric matrices such that the asymptotic
operator A defined in (3.5) has trivial kernel. Suppose further that f : Z± → R
2n is a smooth
function satisfying
(3.6) ∂sf(s, t)+ J0 ∂tf(s, t)+S(s, t)f(s, t) = 0, and f(s, ·)→ 0 uniformly as s→ ±∞.
Then there exists a unique nontrivial eigenfunction vλ ∈ C
∞(S1,R2n) of A with
Avλ = λvλ, ±λ < 0,
and a function r(s, t) ∈ R2n satisfying r(s, ·) → 0 uniformly as s → ±∞, such that for
sufficiently large |s|,
(3.7) f(s, t) = eλs [vλ(t) + r(s, t)] .
Now assume γ : S1 → M is a nondegenerate T -periodic Reeb orbit in (M, ξ = kerα),
parametrized so that α(γ˙) ≡ T . Nondegeneracy implies that the asymptotic operator Aγ has
trivial kernel. Fixing J ∈ J (α), recall that in §2.4, we defined a J-holomorphic half-cylinder
u : Z+ → R×M or u : Z− → R×M to be (positively or negatively) asymptotic to γ if, after
a possible reparametrization near infinity,
(3.8) u(s, t) = exp(Ts,γ(t)) h(s, t) for |s| large,
where the exponential map is assumed translation-invariant and h(s, t) is a vector field along
the orbit cylinder with h(s, ·) → 0 in C∞(S1) as s → ±∞. In particular, as |s| → ∞, u(s, t)
becomes C∞-close to the orbit cylinder (s, t) 7→ (Ts, γ(t)), which is an immersion with normal
bundle equivalent to γ∗ξ. After a further reparametrization of Z±, we can then arrange for
(3.8) to hold for a unique section
h(s, t) ∈ ξγ(t),
which we will call the asymptotic representative of u. Note that the uniqueness of h
depends on our choice of parametrization γ : S1 → M for the Reeb orbit; different choices
will change h by a shift in the t-coordinate.
Theorem 3.10. Suppose u : Z± → R×M is a J-holomorphic half-cylinder positively/negatively
asymptotic to the nondegenerate Reeb orbit γ : S1 → M , and let hu(s, t) ∈ ξγ(t) denote its
asymptotic representative. Then if hu is not identically zero, there exists a unique nontrivial
eigenfunction fλ of Aγ with
Aγfλ = λfλ, ±λ < 0,
and a section r(s, t) ∈ ξγ(t) satisfying r(s, ·) → 0 uniformly as s → ±∞, such that for
sufficiently large |s|,
hu(s, t) = e
λs [fλ(t) + r(s, t)] .
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In the situation of Theorem 3.10, we will say that u(s, t) approaches the Reeb orbit γ along
the asymptotic eigenfunction fλ and with decay rate |λ|. Observe that this theorem can
be viewed as describing the asymptotic approach of two J-holomorphic half-cylinders to each
other, namely u(s, t) and the orbit cylinder (Ts, γ(t)). It turns out that a similar result holds
for any two curves approaching the same orbit, and one can then establish a lower bound
on the resulting “relative” decay rate. For our purposes, this result can be expressed most
conveniently as follows.
Theorem 3.11. Suppose u, v : Z± → R × M are two J-holomorphic half-cylinders, both
positively/negatively asymptotic to the nondegenerate Reeb orbit γ : S1 → M , with asymp-
totic representatives hu and hv, asymptotic eigenfunctions fu, fv and decay rates |λu|, |λv|
respectively. Then if hu − hv is not identically zero, it satisfies
hu(s, t)− hv(s, t) = e
λs [fλ(t) + r(s, t)]
for a unique nontrivial eigenfunction fλ of Aγ with
Aγfλ = λfλ, ±λ < 0,
and a section r(s, t) ∈ ξγ(t) satisfying r(s, ·)→ 0 uniformly as s→ ±∞. Moreover:
• If fu = fv, then |λ| > |λu| = |λv |.
• Otherwise, |λ| = min{|λu|, |λv |}.
We say in the situation of Theorem 3.11 that u and v approach each other along the
relative asymptotic eigenfunction fλ with relative decay rate |λ|.
Observe that if u and v are two asymptotically cylindrical curves with a pair of ends for
which hu−hv ≡ 0 in Theorem 3.11, then standard unique continuation arguments imply that
u and v have identical images, i.e. they both cover the same simple curve. In all other cases,
the asymptotic formula provides a neighborhood of infinity on which hu−hv must be nowhere
zero, so u and v have no intersections near infinity. If u and v are asymptotic to different
covers of the same orbit, then one can argue in the same way by replacing each with suitable
covers
u˜(s, t) := u(ks, kt), v˜(s, t) := v(ℓs, ℓt)
whose asymptotic Reeb orbits match. In this way, one can deduce the following important
consequence, which was not previously obvious:
Corollary 3.12. If u : (Σ˙, j) → (Ŵ , J) and v : (Σ˙′, j′) → (Ŵ , J) are two asymptotically
cylindrical J-holomorphic curves with non-identical images, then they have at most finitely
many intersections.
Similarly:
Corollary 3.13. If u : (Σ˙, j)→ (Ŵ , J) is an asymptotically cylindrical J-holomorphic curve
which is simple, then it is embedded on some neighborhood of the punctures.
Proof. If u has two ends asymptotic to covers of the same orbit, we deduce as in Corollary 3.12
that their images are either identical or disjoint near infinity, and the former is excluded via
unique continuation arguments if u is simple. There could still be double points near a single
end asymptotic to a multiply covered Reeb orbit, i.e. suppose Z± ⊂ Σ˙ is an end on which
u|Z± is asymptotic to
γ(t) = γ0(kt),
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where k ≥ 2 is an integer and γ0 : S
1 → M is an embedded Reeb orbit. Then writing
u(s, t) = exp(Ts,γ0(kt)) h(s, t) on Z± as in Theorem 3.10, the reparametrizations uj(s, t) :=
u(s, t + j/k) for j = 1, . . . , k − 1 are each also J-holomorphic half-cylinders asymptotic to
γ, with asymptotic representatives hj(s, t) := h(s, t + j/k), and Theorem 3.11 implies that
hj − h is either identically zero or nowhere zero near infinity for j = 1, . . . , k− 1. The former
is again excluded via unique continuation if u is simple. 
3.3. Winding of asymptotic eigenfunctions. When dimM = 3, the asymptotic eigen-
functions in the above discussion are nowhere vanishing sections of complex line bundles
γ∗ξ → S1, so they have well-defined winding numbers relative to any choice of trivialization.
This defines the notion of the asymptotic winding of a holomorphic curve as it approaches
an orbit. It is extremely useful to observe that these winding numbers come with a priori
bounds.
Theorem 3.14 ([HWZ95]). Suppose S : S1 → End(R2) is a smooth loop of symmetric 2-by-2
matrices and A : C∞(S1,R2)→ C∞(S1,R2) denotes the model asymptotic operator
A = −J0
d
dt
− S,
with spectrum σ(A). Then there exists is a well-defined integer-valued function
wind : σ(A)→ Z
defined by wind(λ) := wind(vλ), where vλ ∈ C
∞(S1,R2) is any nontrivial eigenfunction with
eigenvalue λ. Moreover, this function is monotone increasing and attains every value in Z
exactly twice (counting multiplicity of eigenvalues).
Exercise 3.15. Verify Theorem 3.14 for the special case where S(t) is a constant multiple
of the identity matrix. (The general case can be derived from this using perturbation theory
for self-adjoint operators; see [HWZ95, Lemma 3.6].)
Given a closed Reeb orbit γ in a contact 3-manifold (M, ξ = kerα), one can now choose a
trivialization
τ : γ∗ξ → S1 × R2
and define
windτ : σ(Aγ)→ Z
by windτ (λ) := wind(f) where f : S1 → R2 is the expression via τ of any nontrivial eigen-
function fλ ∈ Γ(γ
∗ξ) with Aγfλ = λfλ. It follows immediately from Theorem 3.14 that wind
τ
is a monotone surjective function attaining all values exactly twice. Since eigenvalues of Aγ
do not accumulate except at ±∞, we can then define the integers:
ατ+(γ) := min {wind
τ (λ) | λ ∈ σ(Aγ) ∩ (0,∞)} ,
ατ−(γ) := max {wind
τ (λ) | λ ∈ σ(Aγ) ∩ (−∞, 0)} ,
p(γ) := ατ+(γ)− α
τ
−(γ).
(3.9)
As implied by this choice of notation, ατ±(γ) each depend on the choice of trivialization τ ,
but p(γ) does not. If γ is nondegenerate, hence 0 6∈ σ(Aγ), it follows from Theorem 3.14 that
p(γ) is either 0 or 1: we shall say accordingly that γ is even or odd respectively, and call
p(γ) the parity of γ.
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The winding invariants we’ve just defined have an important relation with another integer
associated to nondegenerate Reeb orbits, namely the Conley-Zehnder index
µτCZ(γ) ∈ Z,
a Maslov-type index that was originally introduced in the study of Hamiltonian systems (see
[CZ83, SZ92]) and can also be defined for nondegenerate Reeb orbits in any dimension. It
can be thought of as a measurement of the degree of “twisting” (relative to τ) of the nearby
Reeb flow around γ. We refer to [HWZ95, §3] for further details on µτCZ; for our purposes in
the 3-dimensional case, the following result from [HWZ95, §3] can just as well be taken as a
definition:
Proposition 3.16. For any nondegenerate Reeb orbit γ : S1 → M in (M, ξ = kerα) with a
trivialization τ of γ∗ξ,
µτCZ(γ) = 2α
τ
−(γ) + p(γ) = 2α
τ
+(γ)− p(γ).
Exercise 3.17. To any closed Reeb orbit of period T > 0 parametrized by a loop γ : S1 →M
with γ˙ ≡ T ·Rα(γ), one can associate a Reeb orbit of period kT for each k ∈ N, parametrized
by
γk : S1 →M : t 7→ γ(kt).
We say γk is the k-fold cover of γ, and it is multiply covered if k ≥ 2. We say γ is simply
covered if it is not the k-fold cover of another Reeb orbit for any k ≥ 2.
(a) Given a Reeb orbit γ, check that the k-fold cover of each eigenfunction of Aγ is an
eigenfunction of Aγk . Assuming τ is the pullback under S
1 → S1 : t 7→ kt of a
trivialization of γ∗ξ → S1, deduce from Theorem 3.14 that a nontrivial eigenfunction
f of Aγk is a k-fold cover if and only if wind
τ (f) is divisible by k.
(b) Under the same assumptions, show that for any nontrivial eigenfunction f of Aγk ,
cov(f) := max{m ∈ N | f is an m-fold cover} = gcd(k,windτ (f)).
(c) Show that if γ is a Reeb orbit that has even Conley-Zehnder index, then so does every
multiple cover γk of γ.
3.4. Local foliations and the normal Chern number. We now address a generalization
of the question considered in §1.3: if (Ŵ , ω) is a completed symplectic cobordism of dimen-
sion 4, what conditions can guarantee that a 2-parameter family of embedded punctured
holomorphic curves in Ŵ will form a foliation? There are several issues here that do not arise
in the closed case: for example, if
u : Σ˙ = Σ \ (Γ+ ∪ Γ−)→ Ŵ
is embedded, it is not guaranteed in general that all nearby curves uǫ : Σ˙ → Ŵ are also
embedded, e.g. u may have multiple ends asymptotic to the same Reeb orbit, allowing uǫ to
have double points near that orbit which escape to infinity as uǫ → u. We will address this
issue in the next lecture and ignore it for now, as we must first deal with the more basic
question of how to count zeroes of sections on the normal bundle Nu → Σ˙. Indeed, let us
assume as in in §1.3 that any 1-parameter family of J-holomorphic curves uǫ near u := u0
can be presented up to parametrization as expu ηǫ for sections ηǫ ∈ Γ(Nu), such that
(3.10) η :=
∂
∂ǫ
uǫ
∣∣∣∣
ǫ=0
∈ Γ(Nu),
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satisfies a linear Cauchy-Riemann type equation. We would like to know when such sec-
tions are guaranteed to be nowhere zero. Write the positive and negative contact boundary
components of the cobordism (W,ω) as
∂(W,ω) = (−M−, ξ−) ⊔ (M+, ξ+).
Since u is always transverse to the contact bundles ξ± near infinity, one can identify Nu with
u∗ξ± on the cylindrical ends. By the similarity principle, zeroes of η are isolated and positive,
but the total algebraic count of them is not a homotopy invariant since they may escape
to infinity under homotopies; in fact, there could in theory be infinitely many. It turns out
however that on any cylindrical end Z± ⊂ Σ˙ near a puncture z ∈ Γ
± where u is asymptotic
to an orbit γz, the relevant linear Cauchy-Riemann type equation has the same form as in
Theorem 3.9, with Aγz as the relevant asymptotic operator. The theorem thus implies that η
is nowhere zero near each puncture z, and it has a well-defined asymptotic winding relative
to any choice of trivialiation τ of γ∗z ξ±,
windτ (η; z) ∈ Z,
defined simply as windτ (vλ) where vλ ∈ Γ(γ
∗
z ξ±) is the asymptotic eigenfunction appearing
in (3.7). This implies that η−1(0) ⊂ Σ˙ is finite, so we can define the algebraic count of zeroes
(3.11) Z(η) :=
∑
z∈η−1(0)
ord(η; z) ∈ Z,
where ord(η; z) denotes the order of each zero, and the similarity principle guarantees that
Z(η) ≥ 0, with equality if and only if η is nowhere zero. This number is still not homotopy
invariant, because zeroes can still escape to infinity under homotopies. However, the crucial
observation is that we can keep track of this phenomenon via the asymptotic winding numbers:
by Theorem 3.14, windτ (η; z) satisfies the a priori bounds
windτ (η; z) ≤ ατ−(γz), if z ∈ Γ
+,
windτ (η; z) ≥ ατ+(γz), if z ∈ Γ
−.
(3.12)
This motivates the definition of the asymptotic defect of η, as the integer
(3.13) Z∞(η) :=
∑
z∈Γ+
[
ατ−(γz)− wind
τ (η; z)
]
+
∑
z∈Γ−
[
windτ (η; z) − ατ+(γz)
]
,
where the trivializations τ of γ∗zξ± can be chosen arbitrarily since each difference α
τ
∓(γz) −
windτ (η; z) does not depend on this choice. By construction, any η ∈ Γ(Nu) satisfying a
Cauchy-Riemann type equation as described above now has both Z(η) ≥ 0 and Z∞(η) ≥ 0,
and their sum turns out to give the closest thing possible to a homotopy invariant count of
zeroes:
Proposition 3.18. For any section η ∈ Γ(Nu) with only finitely many zeroes, the sum
Z(η)+Z∞(η) depends only on the bundle Nu and the asymptotic operators Az for z ∈ Γ, not
on η. In particular, this gives an upper bound on the algebraic count of zeroes of any section
η appearing in (3.10).
This result motivates the interpretation of Z∞(η) as a count of virtual or “hidden zeroes
at infinity.” We will prove Proposition 3.18 by defining another quantity that is manifestly
homotopy invariant and happens to equal Z(η) + Z∞(η): this will be a generalization of the
normal Chern number, which we defined for closed holomorphic curves in §2.1.
CONTACT 3-MANIFOLDS, HOLOMORPHIC CURVES AND INTERSECTION THEORY 35
We must first define the notion of a relative first Chern number for complex vector bundles
over punctured surfaces. Suppose first that E → Σ˙ is a complex line bundle, and τ denotes a
choice of trivializations for E over small neighborhoods of each puncture. Such trivializations
can always be chosen since Σ˙ is retractible to its 1-skeleton, hence E is globally trivializable—
but we are not assuming that the trivializations τ can be extended to a global trivialization.
We define the relative first Chern number of E with respect to τ as an algebraic count
of zeroes,
cτ1(E) := Z(η) ∈ Z
where Z(η) is defined as in (3.11) for a section η ∈ Γ(E) with finitely many zeroes, and we
assume that η is constant and nonzero near infinity with respect to τ . It follows by standard
arguments as in [Mil97] that cτ1(E) does not depend on the choice η: the point is that any
two such choices are homotopic through sections that are nonzero near infinity, so zeroes stay
within a compact subset under the homotopy. Observe that in the special case where Σ˙ = Σ
is a closed surface without punctures, there is no choice of asymptotic trivialization τ to be
made and the above definition matches the usual first Chern number c1(E). When there are
punctures, cτ1(E) depends on the choice τ .
For a higher rank complex vector bundle E → Σ˙ with a trivialization τ near infinity, cτ1(E)
can be defined by assuming the following two axioms:
(1) cτ1⊕τ21 (E1 ⊕ E2) = c
τ1
1 (E1) + c
τ2
1 (E2);
(2) cτ1(E) = c
τ ′
1 (E
′) whenever E and E′ admit a complex bundle isomorphism identifying
τ with τ ′.
The following exercise shows that this is a reasonable definition.
Exercise 3.19. Show that for any complex vector bundle E → Σ˙ of rank n with an as-
ymptotic trivialization τ , there exist complex line bundles E1, . . . , En → Σ˙ with asymptotic
trivializations τ1, . . . , τn such that
(E, τ) ∼= (E1 ⊕ . . .⊕ En, τ1 ⊕ . . .⊕ τn),
and if E′1, . . . , E
′
n and τ
′
1, . . . , τ
′
n are another n-tuple of line bundles and asymptotic trivial-
izations with this property, then
cτ11 (E1) + . . .+ c
τ2
1 (E2) = c
τ ′1
1 (E
′
1) + . . .+ c
τ ′n
1 (E
′
n).
From now on, let τ denote a fixed arbitrary choice of trivializations of the bundles γ∗ξ± for
all Reeb orbits γ; several things in the calculations below will depend on this choice, but the
most important expressions typically will not. Since the normal bundle Nu matches ξ± near
infinity, τ determines an asymptotic trivialization of Nu, allowing us to define the relative first
Chern number cτ1(Nu). More generally, if u : Σ˙ → Ŵ is any asymptotically cylindrical map,
not necessarily immersed, then it is still immersed and transverse to ξ± near infinity, so τ also
determines an asymptotic trivialization of the rank 2 complex vector bundle (u∗TŴ , J)→ Σ˙,
by observing that the first factor in the splitting
T (R×M±) = (R ⊕ RRα±)⊕ ξ±
carries a canonical complex trivialization. We shall denote the resulting relative first Chern
number for u∗TŴ by cτ1(u
∗TŴ ).
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Exercise 3.20. Show that if u : (Σ˙, j) → (Ŵ , J) is an asymptotically cylindrical and im-
mersed J-holomorphic curve, with complex normal bundle Nu → Σ˙, then
(3.14) cτ1(u
∗TŴ ) = χ(Σ˙) + cτ1(Nu).
Definition 3.21. For any asymptotically cylindrical J-holomorphic curve u : (Σ˙, j)→ (Ŵ , J)
asymptotic to Reeb orbits γz in M± at its punctures z ∈ Γ
±, we define the normal Chern
number of u to be the integer
cN (u) := c
τ
1(u
∗TŴ )− χ(Σ˙) +
∑
z∈Γ+
ατ−(γz)−
∑
z∈Γ−
ατ+(γz).
Exercise 3.22. Show that the definition of cN (u) above is independent of the choice of
trivializations τ .
The normal Chern number cN (u) clearly depends only on the homotopy class of u as an
asymptotically cylindrical map, together with the properties of its asymptotic Reeb orbits.
When u is immersed, we can rewrite it via (3.14) as
(3.15) cN (u) = c
τ
1(Nu) +
∑
z∈Γ+
ατ−(γz)−
∑
z∈Γ−
ατ+(γz).
Proposition 3.18 then follows immediately from:
Theorem 3.23. Suppose u : (Σ˙, j) → (Ŵ , J) is an immersed asymptotically cylindrical J-
holomorphic curve, and η ∈ Γ(Nu) is a smooth section of its normal bundle with at most
finitely many zeroes. Then
Z(η) + Z∞(η) = cN (u).
In the situation of interest, we already know that both Z(η) and Z∞(η) are nonnegative,
so this yields:
Corollary 3.24. If u : (Σ˙, j)→ (Ŵ , J) is an immersed asymptotically cylindrical J-holomorphic
curve and η ∈ Γ(Nu) is a section of its normal bundle describing nearby J-holomorphic curves
as in (3.10), then
Z(η) ≤ cN (u);
in particular, if cN (u) = 0 then every such section is zero free.
Proof of Theorem 3.23. Let τ0 denote the unique choice of asymptotic trivialization of Nu
such that
windτ0(η; z) = 0 for all z ∈ Γ.
Note that if u has multiple ends approaching the same orbit γ in M±, this choice may require
non-isomorphic trivializations of γ∗ξ± for different ends, but this will pose no difficulty in the
following. For this choice, we have
Z(η) = cτ01 (Nu),
thus using (3.15) and the definition (3.13) of Z∞(η),
Z(η) + Z∞(η) = c
τ0
1 (Nu) +
∑
z∈Γ+
ατ0− (γz)−
∑
z∈Γ−
ατ0+ (γz)
= cN (u).

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Corollary 3.24 tells us that in order to find 2-dimensional families of embedded J-holomorphic
curves that locally form foliations, one should restrict attention to curves satisfying cN (u) = 0.
To see what kinds of curves satisfy this condition, recall (see Appendix A.2) that a general
J-holomorphic curve u : Σ˙ → Ŵ in a 2n-dimensional cobordism Ŵ , with positive/negative
punctures z ∈ Γ := Γ+ ∪ Γ− asymptotic to nondegenerate Reeb orbits γz, is defined to have
index
ind(u) = (n− 3)χ(Σ˙) + 2cτ1(u
∗TŴ ) +
∑
z∈Γ+
µτCZ(γz)−
∑
z∈Γ−
µτCZ(γz).
As usual, all dependence on the trivialization τ in terms on the right hand side cancels out
in the sum. This index is the virtual dimension of the moduli space of all curves homotopic
to u, and for generic J , the open subset of simple curves in this space is a smooth manifold
of this dimension. Let us restrict to the case dim Ŵ = 4, so n = 2, and let g denote the genus
of Σ, hence
(3.16) ind(u) = −χ(Σ˙) + 2cτ1(u
∗TŴ ) +
∑
z∈Γ+
µτCZ(γz)−
∑
z∈Γ−
µτCZ(γz).
and
(3.17) χ(Σ˙) = 2− 2g −#Γ.
There is also a natural partition of Γ into the even and odd punctures
Γ = Γeven ∪ Γodd,
defined via the parity of the corresponding orbit as defined in §3.3, or equivalently, the parity
of the Conley-Zehnder index.8 Now combining (3.16), (3.17), Definition 3.21 and the Conley-
Zehnder/winding relations of Proposition 3.16, we have
2cN (u) = 2c
τ
1(u
∗TŴ )− 2χ(Σ˙) +
∑
z∈Γ+
2ατ−(γz)−
∑
z∈Γ−
2ατ+(γz)
= 2cτ1(u
∗TŴ )− χ(Σ˙)− (2− 2g −#Γ) +
∑
z∈Γ+
[µτCZ(γz)− p(γz)]
−
∑
z∈Γ−
[µτCZ(γz) + p(γz)]
= ind(u)− 2 + 2g +#Γ−#Γodd
= ind(u)− 2 + 2g +#Γeven.
(3.18)
Since we are interested in 2-dimensional families of curves, assume ind(u) = 2. Then the
right hand side of (3.18) is nonnegative, and vanishes if and only if g = #Γeven = 0, i.e. Σ˙
is a punctured sphere and all asymptotic orbits have odd Conley-Zehnder index. This leads
to the following result. We state it for now with an extra assumption (condition (iv) below)
in order to avoid the possibility of extra intersections emerging from infinity—this can be
relaxed using the technology introduced in the next lecture, but the weaker result will also
suffice for our application in Lecture 5.
8Note that while the Conley-Zehnder index µτCZ(γ) ∈ Z generally depends on a choice of trivialization τ
of the contact bundle along γ, different choices of trivialization change the index by multiples of 2, thus the
odd/even parity is independent of this choice.
38 CHRIS WENDL
Theorem 3.25. Suppose u : (Σ˙, j) → (Ŵ , J) is an embedded asymptotically cylindrical J-
holomorphic sphere such that:
(i) ind(u) = 2;
(ii) Σ˙ has genus 0;
(iii) all asymptotic orbits of u have odd Conley-Zehnder index;
(iv) all the punctures are asymptotic to distinct Reeb orbits, all of them simply covered.
Then some neighborhood of u in the moduli space M0(Ŵ , J) is a smooth 2-dimensional man-
ifold consisting of pairwise disjoint embedded curves that foliate a neighborhood of u(Σ˙) in
Ŵ .
Lecture 4. Intersection theory for punctured holomorphic curves
We are now ready to explain the intersection theory introduced by Siefring [Sie11] for
asymptotically cylindrical holomorphic curves in 4-dimensional completed symplectic cobor-
disms. The theory follows a pattern that we saw in our discussion of the normal Chern number
in §3.4: the obvious geometrically meaningful quantities such as u · v (counting intersections
between u and v) and δ(u) (counting double points and critical points of u) can be defined,
and are nonnegative, but they are not homotopy invariant since intersections may sometimes
escape to infinity. In each case, however, one can add a nonnegative count of “hidden in-
tersections at infinity,” defined in terms of asymptotic winding numbers, so that the sum is
homotopy invariant.
4.1. Statement of the main results. Throughout this lecture, we assume (W,ω) is a four-
dimensional symplectic cobordism with ∂(W,ω) = (−M−, ξ− = kerα−)⊔ (M+, ξ+ = kerα+),
(Ŵ , ω) is its completion and J ∈ J (ω,α+, α−). For two asymptotically cylindrical maps
u : Σ˙→ Ŵ and v : Σ˙′ → Ŵ with at most finitely many intersections, we define the algebraic
intersection number
u · v :=
∑
u(z)=v(ζ)
ι(u, z; v, ζ) ∈ Z,
and similarly, if u has at most finitely many double points and critical points, then it has a
well-defined singularity index
δ(u) :=
1
2
∑
u(z)=u(ζ), z 6=ζ
ι(u, z;u, ζ) +
∑
du(z)=0
δ(u, z) ∈ Z,
i.e. the sum of the local intersection indices for all double points with the local singularity
index at each critical point (cf. Lemma 2.5). If u and v are both asymptotically cylindrical
J-holomorphic curves, then we saw in Corollaries 3.12 and 3.13 that u · v is well defined if u
and v have non-identical images, and δ(u) is also well defined if u is simple. Moreover, the
usual results on positivity of intersections (Appendix B) then imply
u · v ≥ 0,
with equality if and only if u and v are disjoint, and
δ(u) ≥ 0,
with equality if and only if u is embedded. So far, all of this is the same as in the closed case,
but the crucial difference here is that neither u · v nor δ(u) is invariant under homotopies,
which makes them harder to control in general. For example, there is no reasonable definition
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of “u · u” since trying to count intersections of u with a small perturbation of itself (as one
does in the closed case) may give a number that depends on the perturbation. The situation
is saved by the following results from [Sie11].
Theorem 4.1. For any two asymptotically cylindrical maps u : Σ˙ → Ŵ and v : Σ˙′ → Ŵ
with nondegenerate9 asymptotic orbits, there exists a pairing
u ∗ v ∈ Z
with the following properties:
(1) u ∗ v depends only on the homotopy classes of u and v as asymptotically cylindrical
maps;
(2) If u : (Σ˙, j) → (Ŵ , J) and v : (Σ˙, j′) → (Ŵ , J) are J-holomorphic curves with non-
identical images, then
u ∗ v = u · v + ι∞(u, v),
where ι∞(u, v) is a nonnegative integer interpreted as the count of “hidden intersec-
tions at infinity.” Moreover, there exists a perturbation Jǫ ∈ J (ω,α+, α−) which
is C∞-close to J , and a pair of asymptotically cylindrical Jǫ-holomorphic curves
uǫ : (Σ˙, jǫ) → (Ŵ , Jǫ) and vǫ : (Σ˙, j
′
ǫ) → (Ŵ , Jǫ) close to u and v in their respec-
tive moduli spaces, such that
uǫ · vǫ = u ∗ v.
The last statement in the above theorem, involving the perturbations uǫ and vǫ, helps us
interpret u ∗ v as the count of intersections between generic curves homotopic to u and v.
That particular detail is not proved in [Sie11], nor anywhere else in the literature—it has the
status of a “folk theorem,” meaning that at least a few experts would be able to prove it as
an exercise, but have not written down the details in any public forum. The proof involves
Fredholm theory on exponentially weighted Sobolev spaces, as explained e.g. in [HWZ99,
Wen10a], and we will not prove it here either, but have included the statement mainly for the
sake of intuition. It is not needed for any of the most important applications of Theorem 4.1,
such as:
Corollary 4.2. If u and v are J-holomorphic curves satisfying u ∗ v = 0, then any two J-
holomorphic curves that have non-identical images and are homotopic to u and v respectively
are disjoint.
In order to write down the punctured version of the adjunction formula, we must introduce
a little bit more notation. Suppose γ : S1 → M is a Reeb orbit in a contact 3-manifold
(M, ξ = kerα), and k ∈ N. This gives rise to the k-fold covered Reeb orbit
γk : S1 →M : t 7→ γ(kt),
and we define the covering multiplicity cov(γ) of a general Reeb orbit γ as the largest k ∈ N
such that γ = γk0 for some other Reeb orbit γ0. Similarly, if f ∈ Γ(γ
∗ξ) is an eigenfunction of
9Theorems 4.1 and 4.4 both also hold under the more general assumption that all asymptotic orbits belong
to Morse-Bott families, as long as one imposes the restriction that asymptotic orbits of curves are not allowed
to change under homotopies. (This assumption is vacuous in the nondegenerate case since nondegenerate orbits
are isolated.) One can also generalize the theory further to allow homotopies with moving asymptotic orbits,
in which case additional nonnegative counts of “hidden” intersections must be introduced; see [Wen10a, §4.1]
and [SW].
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Aγ with eigenvalue λ ∈ R, then the k-fold cover
fk ∈ Γ((γk)∗ξ), fk(t) := f(kt)
is an eigenfunction of Aγk with eigenvalue kλ, and for any Reeb orbit γ and nontrivial
eigenfunction f of Aγ , we define cov(f) ∈ N to be the largest integer k such that f is a
k-fold cover of an eigenfunction for a Reeb orbit covered by γ. Observe that, in general,
1 ≤ cov(f) ≤ cov(γ), and cov(f) always divides cov(γ). Note also that any trivialization τ of
γ∗ξ naturally determines a trivialization of (γk)∗ξ, which we shall denote by τk.
Remark 4.3. Exercise 3.17 implies that if γ : S1 → M is a simply covered (i.e. embedded)
Reeb orbit in a contact 3-manifold (M, ξ = kerα) and τ is a trivialization of γ∗ξ, then for
any k ∈ N and a nontrivial eigenfunction f of Aγk with wind
τk(f) > 0, cov(f) depends only
on k and windτ
k
(f), in fact:
cov(f) = gcd
(
k,windτ
k
(f)
)
.
We now associate to any Reeb orbit γ in a contact 3-manifold (M, ξ = kerα) the spectral
covering numbers
σ¯±(γ) := cov(f±) ∈ N,
where f± ∈ Γ(γ
∗ξ) is any choice of eigenfunction of Aγ with wind
τ (f±) = α
τ
±(γ). Remark 4.3
implies that σ¯±(γ) does not depend on this choice. Finally, if u : Σ˙→ Ŵ is an asymptotically
cylindrical map with punctures z ∈ Γ± asymptotic to orbits γz in M±, we define the total
spectral covering number of u by
σ¯(u) :=
∑
z∈Γ+
σ¯−(γz) +
∑
z∈Γ−
σ¯+(γz).
Observe that σ¯(u) really does not depend on the map u, but only on its sets of positive and
negative asymptotic orbits. It is a positive integer in general, and we have
σ¯(u)−#Γ ≥ 0,
with equality if and only if all of the so-called “extremal” eigenfunctions at the asymptotic
orbits of u are simply covered. This is true in particular whenever all asymptotic orbits of u
are simply covered.
The next statement is the punctured generalization of the adjunction formula (Theo-
rem 2.7): it relates u ∗ u to δ(u), the spectral covering number σ¯(u), and our generalization
of the normal Chern number cN (u) from §3.4 (see Definition 3.21).
Theorem 4.4. If u : (Σ˙, j)→ (Ŵ , J) is an asymptotically cylindrical and simple J-holomorphic
curve with punctures Γ ⊂ Σ, then there exists an integer
δ∞(u) ≥ 0,
interpreted as the count of “hidden double points at infinity,” such that
(4.1) u ∗ u = 2 [δ(u) + δ∞(u)] + cN (u) + [σ¯(u)−#Γ] .
In particular, δ(u) + δ∞(u) depends only on the homotopy class of u as an asymptotically
cylindrical map. Moreover, there exists a perturbation Jǫ ∈ J (ω,α+, α−) which is C
∞-close
to J , and a Jǫ-holomorphic curve uǫ : (Σ˙, jǫ)→ (Ŵ , Jǫ) close to u in the moduli space, such
that δ∞(uǫ) = 0.
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Corollary 4.5. If u ∈ Mg(Ŵ , J) is simple and satisfies δ(u) = δ∞(u) = 0, then every simple
curve in the same connected component of Mg(Ŵ , J) is embedded.
Remark 4.6. It is important to notice the lack of the words “and only if” in Corollary 4.5:
an embedded curve u always has δ(u) = 0 but may in general have δ∞(u) > 0, in which case
it could be homotopic to a simple curve with critical or double points.
The remainder of this lecture will be concerned with the definitions of u ∗ v, ι∞(u, v) and
δ∞(u), and the proofs of Theorems 4.1 and 4.4.
Remark 4.7. The reader should be aware of a few notational differences between these notes
and the original source [Sie11]. One relatively harmless difference is in the appearance of
the adunction formula (Equation (4.1) above vs. [Sie11, Equation (2-5)]), as Siefring does
not define or mention the normal Chern number, but writes an expression that is equivalent
due to (3.18). A more serious difference of conventions appears in the formulas we will use
to define u ∗ v and δ(u) below, e.g. (4.4) and (4.12) contain “±” and “∓” symbols that do
not appear in the equivalent formulas in [Sie11]. The reason is that alternate versions of
these numbers need to be defined for asymptotic orbits that appear at positive or negative
ends; Siefring handles this issue with a notational shortcut, formally viewing Reeb orbits that
occur at negative ends as orbits with negative covering multiplicity. In these notes, covering
multiplicities are always positive.
4.2. Relative intersection numbers and the ∗-pairing. For the remainder of this lecture,
fix a choice of trivializations of the bundles γ∗ξ± → S
1 for every simply covered Reeb orbit
γ : S1 → M±. Wherever a trivialization along a multiply covered orbit γ
k is needed, we will
use the one induced on (γk)∗ξ± → S
1 by our chosen trivialization of γ∗ξ±, and denote this
choice as usual by τ .
For two asymptotically cylindrical maps u : Σ˙ → Ŵ and v : Σ˙′ → Ŵ , we define the
relative intersection number
u •τ v := u · v
τ ∈ Z,
where vτ : Σ˙′ → Ŵ denotes any C∞-small perturbation of v such that u and vτ have at most
finitely many intersections and vτ is “pushed off” near ±∞ in directions determined by τ ,
i.e. if v approaches the orbit γ : S1 →M± asymptotically at a puncture z, then v
τ at the same
puncture approaches a loop of the form expγ(t) ǫη(t), where ǫ > 0 is small and η ∈ Γ(γ
∗ξ±)
satisfies windτ (η) = 0. Since vτ asymptotically approaches loops that may (without loss of
generality) be assumed disjoint from the asymptotic orbits of u, it follows from Exercise 2.1
that this definition is independent of the choice of perturbation, and it only depends on the
homotopy classes of u and v (as asymptotically cylindrical maps) plus the trivializations τ .
The dependence on τ indicates that u •τ v is not a very meaningful number on its own, so
it will not be an object of primary study for us, but like the relative first Chern numbers in
§3.4, it will provide a useful tool for organising information.
Exercise 4.8. Show that u •τ v = v •τ u.
Suppose u : Σ˙→ Ŵ and v : Σ˙′ → Ŵ are asymptotically cylindrical and have finitely many
intersections, so u · v is well defined. Then u •τ v can be computed with the perturbation v
τ
assumed to be nontrivial only in some neighborhood of infinity where u and v are disjoint,
so that u · vτ counts the intersections of u with v, plus some additional intersections that
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appear in a neighborhood of infinity when v is perturbed to vτ . We shall denote this count
of additional intersections near infinity by ιτ∞(u, v) ∈ Z, so we can write
u •τ v = u · v + ι
τ
∞(u, v)
whenever u · v is well defined.
The number ιτ∞(u, v) also depends on τ and is thus not meaningful on its own, but it is
useful to observe that it can be computed in terms of relative asymptotic winding numbers—
this observation will lead us to the natural definitions of the much more meaningful quantities
u ∗ v and ι∞(u, v), which do not depend on τ . To see this, denote the punctures of u and
v by Γu = Γ
+
u ∪ Γ
−
u and Γv = Γ
+
v ∪ Γ
−
v respectively, and for any z ∈ Γu or Γv, denote the
corresponding asymptotic orbit of u or v by γkzz , where we assume γz is a simply covered orbit
and kz ∈ N is the covering multiplicity. A contribution to ι
τ
∞(u, v) may come from any pair
of punctures (z, ζ) ∈ Γ±u ×Γ
±
v , so we shall denote this contribution by ι
τ
∞(u, z; v, ζ) and write
(4.2) ιτ∞(u, v) =
∑
(z,ζ)∈Γ±u×Γ
±
v
ιτ∞(u, z; v, ζ).
Remark 4.9. In (4.2) and several other expressions in this lecture, the summation should be
understood as a sum of two summations, one with ± = + and the other with ± = −.
If γz 6= γζ , then u and v
τ have no intersections in neighborhoods of these particular
punctures, implying
ιτ∞(u, z; v, ζ) = 0 if γz 6= γζ .
Now assume γ := γz = γζ , and let T > 0 denote the period of γ. We shall parametrize
punctured neighborhoods of z and ζ by half-cylinders Z± and consider the resulting maps
u(s, t), v(s, t) ∈ R×M±,
defined for |s| sufficiently large and asymptotic to γkz and γkζ respectively. We first consider
the special case where both asymptotic orbits have the same covering multiplicity, so let
k := kz = kζ .
Asymptotic approach to γk means we can write
u(s, t) = exp(kTs,γ(kt)) hu(s, t), v(s, t) = exp(kTs,γ(kt)) hv(s, t),
for sections hu and hv of ξ± along the orbit cylinder such that both decay uniformly to 0 as
s→ ±∞. The assumption that u and v have no intersections near infinity implies moreover
that for some s0 > 0, each of the sections
(s, t) 7→ hu(s, t+ j/k) − hv(s, t), j = 0, . . . , k − 1
has no zeroes in the region |s| ≥ s0. The perturbation v
τ can now be defined as
vτ (s, t) = exp(kTs,γ(kt)) [hv(s, t) + ǫη(s, t)] ,
where ǫ > 0 is small and η(s, t) ∈ ξ± can be assumed to vanish for |s| ≤ s0 and to satisfy
η(s, t) → η∞(kt) as s → ±∞, with η∞ ∈ Γ(γ
∗ξ±) a nowhere vanishing section satisfying
windτ (η∞) = 0. Intersections of v
τ with u in the region |s| ≥ s0 are now in one-to-one
correspondence with solutions of the equation
Fj(s, t) := hu(s, t+ j/k)− hv(s, t)− ǫη(s, t) = 0,
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for arbitrary values of j ∈ {0, . . . , k − 1}. Notice that Fj admits a continuous extension to
s = ±∞ with Fj(±∞, t) = −ǫη∞(kt). Since wind
τ (η∞) = 0 and ǫ > 0 is small, the algebraic
count of zeroes of Fj on the region {|s| ≥ s0} is thus
± [windτ (Fj(±∞, ·)) − wind
τ (Fj(±s0, ·))] = ∓wind
τ (hu(±s0, ·+ j/k) − hv(±s0, ·)) ,
i.e. it is the relative asymptotic winding number of v about the reparametrization u(s, t+j/k),
with respect to the trivialization τ . Summing this over all such reparametrizations gives
(4.3)
k−1∑
j=0
∓windτ
(
hu(s, ·+ j/k) − hv(s, ·)
)
,
where the parameter s can be chosen to be any number sufficiently close to ±∞. If kz 6= kζ ,
then the above computation is valid for the covers ukζ(s, t) := u(kζs, kζt) and v
kz(s, t) :=
v(kzs, kzt), both asymptotic to γ
kzkζ , and (4.3) must then be divided by kzkζ to compute
ιτ∞(u, z; v, ζ).
Remark 4.10. The computation above can be interpreted in terms of braids. Namely, for
any two half-cylinders u, v : Z± → R ×M± asymptotic to covers of the same orbit γ, if u
and v have at most finitely many intersections, then their asymptotic behavior determines
uniquely up to isotopy a pair of (perhaps multiply covered) disjoint connected braids: for
this we use the trivialization τ to identify a neighborhood of γ with S1 ×D2 and then define
the two braids as the union of the projections of the loops u(s, ·) and v(s, ·) to M± for any
s sufficiently close to ±∞. Each of these loops might be multiply covered, but we can turn
them into honest braids by perturbing them to be embedded without intersecting each other.
Up to a sign, ιτ∞(u, v) is then a signed count of the crossings of strands of one of these braids
over strands of the other; this count is sometimes called the linking number of the two braids.
It appears in this form in the work of Hutchings, see e.g. [Hut02].
The discussion thus far has been valid for any pair of asymptotically cylindrical maps. If
we now assume u and v are also J-holomorphic, then Theorem 3.11 expresses the summands
in (4.3) as winding numbers of certain relative asymptotic eigenfunctions for γkzkζ , and these
winding numbers satisfy a priori bounds due to Theorem 3.14. Specifically, assume u(s, t)
and v(s, t) approach their respective covers of γ along asymptotic eigenfunctions fu and fv
with decay rates |λu| and |λv| respectively, so by (3.9) we have
∓windτ (fu) ≥ ∓α
τ
∓(γ
kz ), ∓windτ (fv) ≥ ∓α
τ
∓(γ
kζ ).
Then the covers ukζ (s, t) and vkz(s, t) approach γkzkζ along asymptotic eigenfunctions f
kζ
u
and fkzv with decay rates kζ |λu| and kz|λv | respectively, and the winding is bounded by
∓windτ
(
f
kζ
u
)
≥ ∓kζα
τ
∓(γ
kz), ∓windτ
(
fkzv
)
≥ ∓kzα
τ
∓(γ
kζ ).
Theorem 3.11 now implies that the relative decay rate controlling the approach of v(s, t) to
any of the reparametrizations u(s, t+ j/k) is at least the minimum of kζ |λu| and kz|λv|, thus
the corresponding winding number is similarly bounded due to Theorem 3.14. We conclude
that each of the summands in (4.3) is bounded from below by the integer Ωτ±(γ
kz , γkζ ), where
for any k,m ∈ N we define
(4.4) Ωτ±(γ
k, γm) := min
{
∓kατ∓(γ
m),∓mατ∓(γ
k)
}
.
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Adding the summands in (4.3) for j = 0, . . . , kzkζ − 1 and then dividing by the combinatorial
factor kzkζ produces the bound
ιτ∞(u, z; v, ζ) ≥ Ω
τ
±
(
γkzz , γ
kζ
ζ
)
if γz = γζ .
If we extend the definition of Ωτ± by setting
Ωτ±(γ
k
1 , γ
m
2 ) := 0 whenever γ1 6= γ2,
then a universal lower bound for ιτ∞(u, v) can now be written in terms of asymptotic winding
numbers as
(4.5) ιτ∞(u, v) ≥
∑
(z,ζ)∈Γ±u×Γ
±
v
Ωτ±
(
γkzz , γ
kζ
ζ
)
.
Definition 4.11. For any asymptotically cylindrical maps u : Σ˙→ Ŵ and v : Σ˙′ → Ŵ with
finitely many intersections, define
ι∞(u, v) := ι
τ
∞(u, v) −
∑
(z,ζ)∈Γ±u×Γ
±
v
Ωτ±
(
γkzz , γ
kζ
ζ
)
.
Similarly, for any asymptotically cylindrical maps u and v (not necessarily with finitely many
intersections), we can define
u ∗ v := u •τ v −
∑
(z,ζ)∈Γ±u×Γ
±
v
Ωτ±
(
γkzz , γ
kζ
ζ
)
.
Exercise 4.12. Check that neither of the above definitions depends on the choice of trivial-
izations τ .
Definitions involving Ωτ±(γ
k, γm) may seem not very enlightening at first, and they are
seldom used in practice for computations, but it’s useful to keep in mind what these terms
mean: they are theoretical bounds on the possible relative asymptotic winding of ends of
u around (all possible reparametrizations of) ends of v. We will say that a given winding
number is extremal whenever it achieves the corresponding theoretical bound. We conclude,
for example:
Theorem 4.13 (asymptotic positivity of intersections). If u and v are asymptotically cylin-
drical J-holomorphic curves with non-identical images, then ι∞(u, v) ≥ 0, with equality if
and only if for all pairs of ends of u and v respectively asymptotic to covers of the same Reeb
orbit, all of the resulting relative asymptotic eigenfunctions have extremal winding.
It is also immediate from the above definition that u ∗ v is homotopy invariant and equals
u ·v+ ι∞(u, v) whenever u ·v is well defined. This completes the proof of Theorem 4.1, except
for the claim that one can always achieve u·v = u∗v after a perturbation of the data. This can
be proved by observing that the subset of Mg(Ŵ , J) ×Mg′(Ŵ , J) consisting of pairs (u, v)
with ι∞(u, v) > 0 consists precisely of those pairs that share an asymptotic orbit at which
some relative asymptotic winding number is not extremal. By Theorem 3.14, this means
that the relative decay rate of some pair of ends approaching the same orbit is an eigenvalue
other than the one closest to 0. One can then use Fredholm theory with exponential weights
to show that the moduli space of pairs of curves satisfying this relative decay condition has
strictly smaller Fredholm index than the usual moduli space, thus for generic data, it is a
submanifold of positive codimension.
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4.3. Adjunction formulas, relative and absolute. In order to generalize the adjunction
formula, we begin by computing u •τ u for an immersed simple J-holomorphic curve u :
(Σ˙, j)→ (Ŵ , J) with asymptotic orbits
{γkzz }z∈Γ± ,
where the notation is chosen as in the previous section so that γz is always a simply covered
orbit and kz ∈ N is the corresponding covering multiplicity. Choose a section η of the normal
bundle Nu → Σ˙ with finitely many zeroes and such that, on each cylindrical neighborhood
Z± ⊂ Σ˙ of a puncture z ∈ Γ
±,
η(s, t)→ η∞(kzt) uniformly in t as s→ ±∞,
for some nonzero η∞ ∈ Γ(γ
∗
zξ±) satisfying wind
τ (η∞) = 0. We can also assume the zeroes of
η are disjoint from all points z ∈ Σ˙ at which u(z) = u(ζ) for some ζ 6= z. Then u•τ u = u ·u
τ ,
where
uτ (z) = expu(z) ǫη(z)
for some ǫ > 0 small. As we saw in §2.1, there are two obvious sources of intersections between
u and uτ :
(1) Each double point u(z) = u(ζ) with z 6= ζ contributes two intersections, one near z
and one near ζ;
(2) Each zero η(z) = 0 contributes an intersection at z. The algebraic count of these
zeroes is the relative first Chern number cτ1(Nu) ∈ Z.
Unlike in the closed case, there are now two additional sources of intersections. As we saw
in the previous section, if z, ζ ∈ Γ± are two distinct punctures with γz = γζ , then perturbing
u to uτ will cause ιτ∞(u, z;u, ζ) ∈ Z additional intersections of u and u
τ to appear near
infinity along the corresponding half-cylinders, and this number is also bounded below by
Ωτ±
(
γkzz , γ
kζ
ζ
)
, defined in (4.4) in terms of winding numbers of asymptotic eigenfunctions.
Additionally, near any z ∈ Γ± with kz > 1, u may intersect different parametrizations of
uτ near infinity. To see this, we can again parametrize a neighborhood of z in Σ˙ with the
half-cylinder Z± and write
u(s, t) = exp(kTs,γ(kt)) h(s, t)
for large |s|, where k := kz, γ := γz, T > 0 is the period of γ and h(s, t) ∈ ξ± decays to 0 as
s → ±∞. Since u is simple, it has no double points in some neighborhood of infinity, which
means that for some s0 > 0, we have
h(s, t) 6= h(s, t+ j/k) for all |s| ≥ s0, t ∈ S
1, j ∈ {1, . . . , k − 1}.
The perturbation uτ on this neighborhood may be assumed to take the form
uτ (s, t) = exp(kTs,γ(kt)) [h(s, t) + ǫη∞(kt)] ,
for some ǫ > 0 small, where again windτ (η∞) = 0. Thus intersections of u with u
τ on the
region {|s| ≥ s0} correspond to solutions of
Fj(s, t) := h(s, t+ j/k) − h(s, t)− ǫη∞(kt) = 0
for arbitrary values of j = 0, . . . , k − 1. For j = 0, this equation has no solutions. For j =
1, . . . , k−1, we observe that Fj extends continuously to s = ±∞ with Fj(±∞, t) = −ǫη∞(kt)
and obtain the count of solutions
± [windτ (Fj(±∞, ·)) −wind
τ (Fj(±s0, ·))] = ∓wind
τ (h(±s0, ·+ j/k)− h(±s0, ·)) .
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The count of additional intersections of u with uτ in a neighborhood of z is therefore
(4.6) ιτ∞(u, z) := ∓
kz−1∑
j=1
windτ (h(s, ·+ j/k) − h(s, ·)) ,
where s is any number sufficiently close to ±∞, and we can then write the total count of
asymptotic contributions to u •τ u as
ιτ∞(u) :=
∑
z,ζ∈Γ±, z 6=ζ
ιτ∞(u, z;u, ζ) +
∑
z∈Γ±
ιτ∞(u, z).
This yields the computation
u •τ u = 2δ(u) + c
τ
1(Nu) + ι
τ
∞(u),
and since cτ1(Nu) = c
τ
1(u
∗TŴ ) − χ(Σ˙), we deduce from this a relation that is valid for any
(not necessarily immersed) simple and asymptotically cylindrical J-holomorphic curve, called
the relative adjunction formula
(4.7) u •τ u = 2δ(u) + c
τ
1(u
∗TŴ )− χ(Σ˙) + ιτ∞(u).
Remark 4.14. As with ιτ∞(u, z; v, ζ) (cf. Remark 4.10), ι
τ
∞(u, z) can be given a braid-theoretic
interpretation: it is (up to a sign) the signed count of self-crossings of the braid defined by
identifying a neighborhood of the framed loop γz with S
1 ×D2 and projecting the embedded
loop u(s, ·) to M± for any s close to ±∞. This count is also called the writhe of the braid,
and appears under this name in [Hut02].
As we did with ιτ∞(u, v) in the previous section, it will be useful to derive a theoretical
bound on ιτ∞(u). We already have ι
τ
∞(u, z;u, ζ) ≥ Ω
τ
±
(
γkzz , γ
kζ
ζ
)
, and must deduce a similar
bound for ιτ∞(u, z). Let γ := γz and k := kz, and write u(s, t) = exp(Ts,γ(kt)) h(s, t) as usual,
and for j = 1, . . . , k − 1, let
uj(s, t) := u(s, t+ j/k) = exp(Ts,γ(kt)) hj(s, t), where hj(s, t) := h(s, t+ j/k).
By theorem 3.10, h(s, t) is controlled as s → ±∞ by some eigenfunction f of Aγk with
eigenvalue λ, and by (3.9),
∓windτ (f) ≥ ∓ατ∓(γ
k).
The reparametrizations hj(s, t) are similarly controlled by reparametrized eigenfunctions
fj(t) := f(t+ j/k)
with windτ (fj) = wind
τ (f) and the same eigenvalue, and the relative decay rates controlling
hj−h are then at least |λ| due to Theorem 3.11, implying (via Theorem 3.14) a corresponding
bound on the relative winding terms in (4.6), thus
ιτ∞(u, z) ≥ ∓(k − 1)wind
τ (f) ≥ ∓(k − 1)ατ∓(γ
k).
The bound established above is only a first attempt, as we will see in a moment that a
stricter bound may hold in general. If windτ (f) is not extremal, i.e. ∓windτ (f) ≥ ∓ατ∓(γ
k)+
1, the above computation gives
(4.8) ιτ∞(u, z) ≥ ∓(k − 1)α
τ
∓(γ
k) + k − 1.
Alternatively, suppose windτ (f) is extremal, hence equal to ατ∓(γ
k), and let m = cov(f),
so k = mℓ for some ℓ ∈ N and
f(t) = gm(t) := g(mt)
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for some eigenfunction g of Aγℓ which is simply covered. It follows that for j = 1, . . . , k − 1,
fj ≡ f if and only if j ∈ ℓZ. When j is not divisible by ℓ, Theorem 3.11 now gives a relative
decay rate equal to |λ| and thus relative winding equal to windτ (f), so adding up these terms
for the m(ℓ− 1) values of j not in ℓZ contributes
(4.9) ∓m(ℓ− 1)ατ∓(γ
k)
to ιτ∞(u, z).
For j = 1, . . . ,m− 1, we claim that the asymptotic winding of hjℓ − h is stricter than the
bound established above, i.e. for large |s|,
(4.10) ∓ windτ (hjℓ(s, ·)− h(s, ·)) ≥ ∓α
τ
∓(γ
k) + 1.
By Theorem 3.11, there is a nontrivial eigenfunction ϕj ∈ Γ((γ
k)∗ξ±) of Aγk with eigenvalue
λ′ such that
hjℓ(s, t)− h(s, t) = e
λ′s
[
ϕj(t) + r
′(s, t)
]
,
for large |s|, with r′(s, ·) → 0 uniformly as s → ±∞. Now if the claim is false, then
windτ (ϕj) = α
τ
∓(γ
k) = windτ (f). Since f is an m-fold cover, this means windτ (ϕj) is
divisible by m, and Remark 4.3 then implies that ϕj is also an m-fold cover, thus
(4.11) ϕj(t+ 1/m) = ϕj(t) for all t ∈ S
1.
But observe:
0 =
m−1∑
r=0
[
h
(
s, t+
j + r
m
)
− h
(
s, t+
r
m
)]
=
m−1∑
r=0
[
hjℓ
(
s, t+
r
m
)
− h
(
s, t+
r
m
)]
=
m−1∑
r=0
eλ
′s
[
ϕj
(
t+
r
m
)
+ r′
(
s, t+
r
m
)]
,
implying
m−1∑
r=0
ϕj(t+ r/m) = 0 for all t ∈ S
1.
Since ϕj is not identically zero, this contradicts (4.11) and thus proves the claim.
Adding to (4.9) the m− 1 terms bounded by (4.10), we conclude
ιτ∞(u, z) ≥ ∓m(ℓ− 1)α
τ
∓(γ
k) + (m− 1)
[
∓ατ∓(γ
k) + 1
]
= ∓(k − 1)ατ∓(γ
k) + (m− 1).
This bound is weaker than (4.8), but the latter is valid only when windτ (f) is non-extremal,
thus the former is the strongest possible bound in general. Recall that the covering multiplicity
m = cov(f) is precisely what we denoted by σ¯∓(γ
k) in §4.1. To summarize, we now define
for any simply covered orbit γ and k ∈ N,
(4.12) Ωτ±(γ
k) := ∓(k − 1)ατ∓(γ
k) +
[
σ¯∓(γ
k)− 1
]
.
The above computation then implies
(4.13) ιτ∞(u, z) ≥ Ω
τ
±
(
γkzz
)
.
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Definition 4.15. For any asymptotically cylindrical map u : Σ˙ → Ŵ that is embedded
outside some compact set, define
δ∞(u) :=
1
2
ιτ∞(u)− ∑
z,ζ∈Γ±, z 6=ζ
Ωτ±
(
γkzz , γ
kζ
ζ
)
−
∑
z∈Γ±
Ωτ±
(
γkzz
) .
Exercise 4.16. Check that the above definition does not depend on the trivializations τ .
Then try to convince yourself that it’s an integer, not a half-integer.
Like Theorem 4.13 in the previous section, the following is now immediate from the com-
putation above:
Theorem 4.17. If u is an asymptotically cylindrical and simple J-holomorphic curve, then
δ∞(u) ≥ 0, with equality if and only if:
(1) For all pairs of ends asymptotic to covers of the same Reeb orbit, the resulting relative
asymptotic eigenfunctions have extremal winding;
(2) For all ends asymptotic to multiply covered Reeb orbits, the relative asymptotic eigen-
functions controlling the approach of distinct branches to each other have extremal
winding.
The proof of the absolute adjunction formula in Theorem 4.4 now consists only of plugging
in the relevant definitions and computing.
Exercise 4.18. Show that for any simply covered Reeb orbit γ and k ∈ N,
Ωτ±(γ
k)− Ωτ±(γ
k, γk)∓ ατ∓(γ
k) = σ¯∓(γ
k)− 1.
Proof of Theorem 4.4. Plugging the relative adjunction formula (4.7) into the definition of
u ∗ u (Definition 4.11) gives
u ∗ u = u •τ u−
∑
(z,ζ)∈Γ±×Γ±
Ωτ±
(
γkzz , γ
kz
z
)
= 2δ(u) + cτ1(u
∗TŴ )− χ(Σ˙) + ιτ∞(u)−
∑
(z,ζ)∈Γ±×Γ±
Ωτ±
(
γkzz , γ
kz
z
)
.
Now replacing cτ1(u
∗TŴ )−χ(Σ˙) with cN (u) plus some extra terms from Definition 3.21, and
ιτ∞(u) with 2δ∞(u) plus extra terms from Definition 4.15, all terms of the form Ω
τ
±
(
γkzz , γ
kζ
ζ
)
with z 6= ζ cancel and the above becomes
u ∗ u = 2 [δ(u) + δ∞(u)] + cN (u) +
∑
z∈Γ±
[
Ωτ±
(
γkzz
)
− Ωτ±
(
γkzz , γ
kz
z
)
∓ ατ∓
(
γkzz
)]
.
The result then follows from Exercise 4.18. 
Exercise 4.19. Assume γ : S1 → M is a nondegenerate Reeb orbit in a contact 3-manifold
(M, ξ = kerα), and given J ∈ J (α), let uγ : R × S
1 → R × M denote the associated
J-holomorphic orbit cylinder.
(a) Show that cN (uγ) = −p(γ), where p(γ) ∈ {0, 1} is the parity of the Conley-Zehnder
index of γ.
(b) Show that uγ ∗ uγ = − cov(γ) · p(γ).
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(c) Deduce from part (b) that if uk denotes a k-fold cover of a given asymptotically
cylindrical J-holomorphic curve u, it is not generally true that uk ∗ vℓ = kℓ(u ∗ v).
Remark: One can show however that in general, uk ∗ vℓ ≥ kℓ(u ∗ v), cf. [Wen10a,
Prop. 4.9].
(d) Use the adjunction formula to show the following: if γ is a multiple cover of a Reeb
orbit with even Conley-Zehnder index, and J ′ is an arbitrary almost complex struc-
ture on R×M that is compatible with d(esα) and belongs to J (α) outside a compact
subset, then there is no simple J ′-holomorphic curve homotopic to uγ through asymp-
totically cylindrical maps.
Lecture 5. Symplectic fillings of planar contact 3-manifolds
In this lecture, we will explain an application of the intersection theory of punctured holo-
morphic curves to the problem of classifying symplectic fillings of contact 3-manifolds. The
main result is stated in §5.2 as Theorem 5.6, and it may be seen as an analogue of McDuff’s
Theorem 1.16 in a slightly different context—indeed, the structure of the proof is very sim-
ilar, but the technical details are a bit more intricate and require the machinery developed
in Lecture 4. Before stating the theorem and sketching its proof, we review some topological
facts about Lefschetz fibrations, open books, and symplectic fillings.
5.1. Open books and Lefschetz fibrations. As we saw in Lecture 1, symplectic forms on
4-manifolds can be characterized topologically (up to deformation) via Lefschetz fibrations.
The natural analogue of a Lefschetz fibration for a contact manifold is an open book de-
composition. If M is a closed oriented 3-manifold, an open book is a pair (B,π), where
B ⊂M is an oriented link and
π :M \B → S1
is a fibration such that some neighborhood N (γ) ⊂ M of each connected component γ ⊂ B
admits an identification with S1 × D2 in which π takes the form
π|N (γ)\γ : S
1 × (D2 \ {0})→ S1 : (θ, (r, φ)) 7→ φ.
Here (r, φ) denote polar coordinates on the disk D2, with the angle normalised to take values
in S1 = R/Z. We call B the binding of the open book, and the fibres π−1(φ) ⊂ M are its
pages; these are open surfaces whose closures are compact oriented surfaces with oriented
boundary equal to B. Figure 7 shows simple examples on S3 and S1 × S2.
A contact structure ξ on M is said to be supported by the open book π :M \B → S1 if
one can write ξ = kerα some contact form α with
α|TB > 0 and dα|pages > 0.
Equivalently, one can require that the components of B are closed Reeb orbits with respect
to α, and everywhere else the Reeb vector field is positively transverse to the pages. This
definition is due to Giroux, and contact forms that satisfy these conditions are sometimes
called Giroux forms.
The following contact analogue of Theorems 1.3 and 1.8 is a translation into modern lan-
guage of a classical result of Thurston and Winkelnkemper:
Theorem 5.1 (Thurston-Winkelnkemper [TW75]). Every open book on a closed oriented
3-manifold supports a unique contact structure up to isotopy.
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S3 = R3 ∪ {∞} S
1 × S2
S1×
B
B
B
Figure 7. Simple open book decompositions on S3 and S1×S2, with pages
diffeomorphic to the plane and the cylinder respectively.
A much deeper result known as the Giroux correspondence [Gir02,Gir] asserts that the set
of contact structures up to isotopy on any closed 3-manifold admits a natural bijection to the
set of open books up to a topological operation called positive stabilization. We will not need
this fact in the discussion below, but it is worth mentioning since it has had a major impact
on the modern field of contact topology; see e.g. [Etn06] for more on this subject.
In order to discuss symplectic fillings, we will also need to consider a more general class of
Lefschetz fibrations, in which both the base and fibre are allowed to have boundary. Specif-
ically, assume W is a compact oriented 4-manifold with boundary and corners, where the
boundary consists of two smooth faces
∂W = ∂hW ∪ ∂vW,
the horizontal and vertical boundary respectively, which intersect each other at a corner
of codimension 2. Given a compact oriented surface Σ with nonempty boundary, we define a
bordered Lefschetz fibration of W over Σ to be a smooth map
Π : W → Σ
with finitely many interior critical points W crit := Crit(Π) ⊂ W˚ and critical values Σcrit :=
Π(W crit) ⊂ Σ˚ such that:
(1) As in Example 1.5, critical points take the form Π(z1, z2) = z
2
1 + z
2
2 in complex local
coordindates compatible with the orientations;
(2) The fibres have nonempty boundary;
(3) Π−1(∂Σ) = ∂vW and
Π|∂vW : ∂vW → ∂Σ
is a smooth fibration;
(4) ∂hW =
⋃
z∈Σ ∂
(
Π−1(z)
)
, and
Π|∂hW : ∂hW → Σ
is also a smooth fibration.
In the following, we assume the base is the closed unit disk (see Figure 8),
Σ := D ⊂ C.
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D ⊂ C
Figure 8. A bordered Lefschetz fibration over the unit disk D ⊂ C, where
the regular fibres have genus 2 and two boundary components, and there are
two singular fibres, each with two irreducible components. The boundary
inherits an open book with pages of genus 2 and two binding components.
In this case, the vertical boundary is a connected fibration of some compact oriented surface
with boundary over ∂D = S1,
π := Π|∂vW : ∂vW → S
1,
and the horizontal boundary is a disjoint union of circle bundles over D; since bundles over D
are trivial, the connected components of ∂hW can then be identified with S
1×D such that π
on the corner ∂hW ∩ ∂vW = ∂(∂hW ) =
∐
(S1 × ∂D) takes the form π(θ, φ) = φ. This means
that after smoothing the corners of ∂W , the latter inherits from Π : W → D an open book
decomposition π : ∂W \ B → S1 uniquely up to isotopy, with ∂hW regarded as a tubular
neighborhood of the binding B :=
∐
(S1 × {0}).
Recall that for any surface fibration F →֒M → S1 that is trivial near the boundaries of the
fibres, the parallel transport (with respect to any connection) along a full traversal of the loop
S1 determines (uniquely up to isotopy) a diffeomorphism ϕ : F → F that is trivial near ∂F ; we
call this themonodromy of the fibration. One can thus define the monodromy of a Lefschetz
fibration along any loop containing no critical points—in particular, the monodromy along
∂D is also called the monodromy of the open book induced at the boundary.
52 CHRIS WENDL
blow up
Figure 9. Two bordered Lefschetz fibrations with regular fibre diffeomorphic
to the annulus. The picture at the right is obtained from the one at the left
by blowing up at a regular point.
It is a basic fact about the topology of Lefschetz fibrations that the monodromy along
a loop can always be expressed in terms of positive Dehn twists; see e.g. [GS99]. For our
purposes, the relevant version of this statement is the following. Let z0 = 1 ∈ ∂D and denote
the fibre at z0 by F := Π
−1(z0). Pick a set of smooth paths
γz : [0, 1]→ D, for each z ∈ D
crit,
from γz(0) = z0 to γz(1) = z, intersecting each other only at z0. Then for each z ∈ D
crit and
p ∈W crit ∩Π−1(z), there is a unique isotopy class of smoothly embedded circles
S1 ∼= Cp ⊂ F
that can be collapsed to p under parallel transport along γz; this is called the vanishing
cycle of p. We then have:
Proposition 5.2. If Π : W → D is a bordered Lefschetz fibration, then the monodromy
F → F of the induced open book at the boundary is a composition of positive Dehn twists
along the vanishing cycles Cp ⊂ F for each critical point p ∈W
crit.
Example 5.3. Suppose Π : W → D has regular fibre F ∼= [−1, 1] × S1 and exactly k ≥ 0
singular fibres, each consisting of two disks connected along a critical point (see Figure 9, left).
The resulting open book on ∂W then has pages diffeomorphic to R×S1 and monodromy δk,
where δ denotes the positive Dehn twist along the separating curve {0}×S1, which generates
the mapping class group of R× S1. If we blow up W at a regular point in the interior, then
by Exercise 1.11 we obtain a new bordered Lefschetz fibration with one additional singular
fibre consisting of an annulus connected to an exceptional sphere (Figure 9, right). This
blowup operation obviously does not change the open book on ∂W , which is consistent with
Proposition 5.2 since the additional Dehn twist introduced by the extra critical point is along
a contractible vanishing cycle, and is therefore isotopic to the identity.
Let us denote the contact manifolds supported by the open books on ∂W in Example 5.3 by
(Mk, ξk). It is not too hard to say precisely what these contact manifolds are: topologically,
we have M0 ∼= S
1 × S2, M1 ∼= S
3, and Mk for k ≥ 2 is the lens space L(k, k − 1). All of
these carry standard contact structures that can be defined as follows. We defined (S3, ξstd)
already in §2.3 by identifying S3 with the boundary of the unit ball in R4 with coordinates
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(x1, y1, x2, y2) and writing ξstd = ker (λstd|TS3) ⊂ TS
3, where
λstd :=
1
2
2∑
j=1
(xj dyj − yj dxj) .
Under the natural identification R4 → C2 : (x1, y1, x2, y2) 7→ (x1 + iy1, x2 + iy2), this contact
structure is invariant under the action of U(2), thus the standard contact structure ξstd on
any lens space L(p, q) for two coprime integers p > q ≥ 1 can be defined via the quotient
(L(p, q), ξstd) := (S
3, ξstd)
/
Gp,q,
where Gp,q ⊂ U(2) denotes the subgroup
Gp,q :=
{(
ζ 0
0 ζq
)
∈ U(2)
∣∣∣∣ ζp = 1} .
Finally, on S1 × S2, we use the coordinates (η, θ, φ), where η ∈ S1 = R/Z and (θ, φ) ∈
[0, π] × (R/2πZ) are the natural spherical coordinates on S2, and write
ξstd = ker [f(θ) dη + g(θ) dφ]
for a suitably chosen loop (f, g) : R/πZ → R2 \ {0} that is based at the point (f(0), g(0)) =
(1, 0) and winds exactly once counterclockwise around the origin. Any two choices of (f, g)
that make the above expression a smooth contact form on S1 × S2 and have the stated
winding property produce isotopic contact structures; see e.g. [Gei08]. The following can now
be verified by constructing explicit open books that support these contact structures and then
computing the monodromy.
Proposition 5.4. There are contactomorphisms (M0, ξ0) ∼= (S
1 × S2, ξstd), (M1, ξ1) ∼=
(S3, ξstd), and (Mk, ξk) ∼= (L(k, k − 1), ξstd)) for each k ≥ 2.
We will say that a symplectic form ω onW is supported by a bordered Lefschetz fibration
Π : W → D if the following conditions hold:
(1) Every fibre of Π|W\W crit :W \W
crit → D is a symplectic submanifold;
(2) On a neighborhood of W crit, ω tames some almost complex structure J that preserves
the tangent spaces of the fibres;
(3) On a neighborhood of ∂W , ω = dλ for some 1-form λ such that λ|T (∂hW ) and λ|T (∂vW )
are each contact forms, and the induced Reeb vector field on ∂hW is tangent to the
fibres (in the positive direction).
Observe that for the contact form λ on the smooth faces of ∂W in the above definition,
dλ = ω is necessarily positive on the pages of the induced open book, and λ is also positive
on the binding in ∂hW , so that λ|∂W satisfies a variation on the conditions for a Giroux form.
The natural analogue of Theorem 1.8 in this context is the following:
Theorem 5.5. On any bordered Lefschetz fibration Π : W → D, the space of supported
symplectic forms is nonempty and connected, and the corner of ∂W can be smoothed so that
(W,ω) becomes (canonically up to symplectic deformation) a symplectic filling of the contact
structure supported by the induced open book at the boundary.
We note one additional detail about this construction: a symplectic form ω on W may
sometimes be exact since ∂W 6= ∅, but the condition of ω being positive on fibres imposes
contraints that may make this impossible. In particular, ω can never be exact if any singular
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fibre of Π : W → D contains an irreducible component that is closed—this would violate
Stokes’ theorem. We say that a bordered Lefschetz fibration is allowable if no such com-
ponents exist, which is equivalent to saying that all the vanishing cycles are homologically
nontrivial. For example, the Lefschetz fibration in Figure 8 is not allowable, due to the pres-
ence of a closed irreducible component in the singular fibre at the right, but one can show
that this component is an exceptional sphere, thus an allowable Lefschetz fibration could be
produced by blowing it down (cf. Exercise 1.11).
It turns out that if Π : W → D is allowable, one can always construct ω so that it is
not only exact but also arises from a Weinstein structure, a much more rigid notion of a
symplectic filling. We will not discuss Weinstein and Stein fillings any further here (see
[Etn98,OS04a,CE12]), except to mention the following related result:
Theorem 5.5′. If Π : W → D is an allowable bordered Lefschetz fibration, then (W,ω)
in Theorem 5.5 can be arranged to be a Weinstein filling of the contact manifold (∂W, ξ)
supported by the open book induced at the boundary. In particular, (∂W, ξ) is Stein fillable.
Theorems 5.5 and 5.5′ can be found in a variety of forms in the literature but are usually
not stated quite so precisely as we have stated them here—complete proofs of our versions
(including also cases where Σ 6= D) may be found in [LVW].
5.2. A classification theorem for symplectic fillings. An open book decomposition of a
3-manifold is called planar if its pages have genus 0, i.e. they are punctured spheres. We then
call (M, ξ) a planar contact manifold ifM admits a planar open book supporting ξ. It is not
always easy to recognize whether a given contact structure is planar or not, but many results
in either direction or known: Etnyre [Etn04] showed for instance that all overtwisted contact
structures are planar, and by an obstruction established in the same paper, the standard
contact structures on unit cotangent bundles of oriented surfaces with positive genus are
never planar. As we saw in Proposition 5.4, the standard contact structures on S3, S1 × S2
and L(k, k− 1) for k ≥ 2 are all planar, as are all contact structures that arise on boundaries
of bordered Lefschetz fibrations with genus 0 fibres.
For an arbitrary contact 3-manifold (M, ξ), the problem of classifying all of its symplectic
fillings is often hopeless—many examples are known for instance which admit infinite (but
not necessarily exhaustive) lists of pairwise non-homeomorphic or non-diffeomorphic Stein
fillings [Smi01, OS04b, AEMS08]. On the other hand, many of the earliest results on this
question gave finite classifications, and in sometimes even uniqueness (up to certain obvious
ambiguities) of symplectic fillings, e.g. for S3 [Gro85,Eli90], S1×S2 [Eli90], the unit cotangent
bundle of S2 [Hin00], and lens spaces [McD90,Hin03,Lis08]. Most of these finiteness results
can now be deduced from the theorem stated below.
We will say that a symplectic filling (W,ω) of a contact 3-manifold (M, ξ) admits a sym-
plectic Lefschetz fibration over D if there exists a bordered Lefschetz fibration Π : E → D
with a supported symplectic form ωE such that, after smoothing the corners on ∂E, (E,ωE)
is symplectomorphic to (W,ω). Observe that whenever this is the case, the Lefschetz fibration
determines a supporting open book on (M, ξ) uniquely up to isotopy.
Theorem 5.6 ([Wen10b]). Suppose (W,ω) is a symplectic filling of a contact 3-manifold
(M, ξ) which is supported by a planar open book π : M \ B → S1. Then (W,ω) admits
a symplectic Lefschetz fibration over D, such that the induced open book at the boundary is
isotopic to π :M \B → S1. Moreover, the Lefschetz fibration is allowable if and only if (W,ω)
is minimal.
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One can say slightly more: [Wen10b] shows in fact that the isotopy class of the Lefschetz
fibration produced on (W,ω) depends only on the deformation class of the symplectic struc-
ture, hence the problem of classifying fillings up to deformation reduces to the problem of
classifying Lefschetz fibrations that fill a given open book. In some cases, this provides an
immediate uniqueness result, for instance:
Corollary 5.7. The symplectic fillings of (S3, ξstd), (S
1 × S2, ξstd) and (L(k, k − 1), ξstd) for
k ≥ 2 are unique up to symplectic deformation equivalence and blowup.
Proof. By Proposition 5.4, the contact manifolds in question all admit supporting open books
with cylindrical pages and monodromy equal to δk for some k ≥ 0, where δ is the positive
Dehn twist that generates the mapping class group of R × S1. The only allowable Lefschetz
fibration that produces such an open book at the boundary is the one with fibre [−1, 1]×S1 and
exactly k singular fibres of the form pictured in Figure 9 at the left. Theorem 5.6 then implies
that all the minimal symplectic fillings in question are supported by Lefschetz fibrations of
this type, which determines their symplectic structures up to deformation equivalence via
Theorem 5.5. 
Further uniqueness results along these lines have been obtained in papers by Plamenevskaya
and Van Horn-Morris [PV10], and Kaloti and Li [KL], each by studying the factorizations of
mapping classes on planar surfaces into products of positive Dehn twists and then applying
Theorem 5.6. In a slightly different direction, Wand [Wan12] used Theorem 5.6 to establish
a new obstruction for a contact 3-manifold to be planar.
Theorem 5.5′ implies another quite general consequence of the above result:
Corollary 5.8. Every symplectic filling of a planar contact manifold is deformation equivalent
to a blowup of a Stein filling. In particular, any contact manifold that is both planar and
symplectically fillable is also Stein fillable.
Ghiggini [Ghi05] gave examples of contact 3-manifolds that are symplectically but not Stein
fillable, hence Corollary 5.8 implies that Ghiggini’s examples cannot be planar. Similarly,
more recent papers by Wand [Wan] and Baker, Etnyre and Van Horn-Morris [BEV12] have
given examples of Stein fillable contact manifolds with (necessarily non-planar) supporting
open books that cannot arise from boundaries of Lefschetz fibrations.
5.3. Sketch of the proof. As in our proof of McDuff’s result on ruled surfaces, the main
idea for Theorem 5.6 is to consider a moduli space of holomorphic curves whose intersection
theory is sufficiently well behaved to view them as fibres of a Lefschetz fibration. The first step
is thus to define the moduli space and show that it is nonempty. This rests on a construction
known as the holomorphic open book ; the following result was first stated in [ACH05], and
two proofs later appeared in independent work of Abbas [Abb11] and the author [Wen10c].
Theorem 5.9 (Holomorphic open book construction). Suppose (M, ξ) is supported by a
planar open book π :M \B → S1. Then there exists a Giroux form α and an almost complex
structure J+ ∈ J (α) such that:
(1) Each connected component γ ⊂ B is a nondegenerate Reeb orbit with µτCZ(γ) = 1,
where τ is any trivialization in which the pages approach γ with winding number 0.
(2) Each page P ⊂ M lifts to an embedded asymptotically cylindrical J+-holomorphic
curve uP : Σ˙→ R×M with all punctures positive, and ind(uP ) = 2.
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Observe that pages of an open book come always in 1-parameter families, but when we lift
them to the symplectization R×M , an additional parameter appears due to the translation-
invariance. Thus Theorem 5.9 produces a 2-dimensional moduli space
M+OB ⊂M0(R ×M,J+)
of J+-holomorphic pages; it is diffeomorphic to R × S
1 and admits a free action by R-
translations, so that
M+OB
/
R ∼= S1.
The curves inM+OB have the “correct” index, in the sense that the actual and virtual dimen-
sions match. In [Wen10c], it is shown in fact that for suitable (non-generic!) choices of data,
an open book with pages of any genus g ≥ 0 admits a 2-parameter family of pseudoholomor-
phic lifts, but they have index 2−2g, which is the correct virtual dimension only when g = 0.
This is why Theorem 5.6 fails in general for open books of positive genus (cf. Remark A.9).
Now suppose (W,ω) is a symplectic filling of (M, ξ), where the latter is supported by
a planar open book. By modifying ω near ∂W , we can assume without loss of generality
(possibly after rescaling ω) that it takes the form d(esα) in a collar neighborhood of the
boundary, where α is the contact form provided by Theorem 5.9. Let (Ŵ , ωˆ) denote the
resulting symplectic completion, and choose an ωˆ-compatible almost complex structure J
which is generic in W and matches J+ (from Theorem 5.9) on [0,∞) ×M . Since the J+-
holomorphic pages in R × M have no negative punctures, each can be assumed to lie in
[0,∞)×M after some R-translation, so these give rise to a 2-dimensional family of embedded
J-holomorphic curves living in the cylindrical end of Ŵ , which we shall refer to henceforward
as the J-holomorphic pages in Ŵ . Let
MOB ⊂M0(Ŵ , J)
denote the connected component of the moduli space M0(Ŵ , J) that contains these J-
holomorphic pages, and letMOB denote its closure in the compactified moduli spaceM0(Ŵ , J)
(see Appendix A.2). Theorem 5.6 can be deduced from the following:
Proposition 5.10. The compactified moduli space MOB is diffeomorphic to the 2-disk, and
the elements of MOB can be described as follows.
• The smooth curves in MOB are all embedded and pairwise disjoint, and they foliate
Ŵ outside a finite union of properly embedded surfaces.
• There is a natural identification
∂MOB =M
+
OB
/
R,
where each R-equivalence class of J+-holomorphic pages uP ∈ M
+
OB in R × M is
identified with a holomorphic building that has empty main level and a single upper
level consisting of uP .
10
• There are at most finitely many elements of MOB \ MOB in the interior of MOB,
and they are pairwise disjoint nodal curves in Ŵ , each having exactly two connected
components, which are embedded and intersect each other exactly once, transversely.
Any such component that is closed also has homological self-intersection number −1.
Every point in Ŵ lies in the image of a unique (possibly nodal) curve in the interior of MOB.
10It is standard to define the space of holomorphic buildings Mg(Ŵ , J) such that two buildings are con-
sidered equivalent if they differ only by an R-translation of one of the symplectization levels; see [BEH+03].
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To prove this, notice first that all curves in MOB are guaranteed to be simple, since their
asymptotic orbits are all distinct and simply covered. By Theorem 4.17, all u ∈ MOB then
satisfy δ∞(u) = 0, as double points can only be hidden at infinity if there exist multiply
covered asymptotic orbits or two distinct punctures asymptotic to coinciding orbits. Since
δ(u) + δ∞(u) is homotopy invariant (Theorem 4.4), and the J-holomorphic pages uP are
embedded and thus satisfy δ(uP ) = 0, we conclude
δ(u) = δ∞(u) = 0 for all u ∈ MOB,
hence all curves in MOB are embedded. Theorem 3.25 then implies slightly more: since
the curves in MOB also have index 2 and genus 0 and all their asymptotic orbits have odd
Conley-Zehnder index, we have:
Lemma 5.11. For each u ∈ MOB, there is a neighborhood U ⊂ MOB such that the curves
in U are all embedded and their images foliate a neighborhood of the image of u in Ŵ .
The self-intersection number u ∗ u for any curve u ∈ MOB can now be computed easily
from Siefring’s adjunction formula (4.1): since all asymptotic orbits are simply covered, the
spectral covering term σ¯(u)−#Γ vanishes, and so does cN (u) due to formula (3.18), thus
u ∗ u = 2 [δ(u) + δ∞(u)] + cN (u) + [σ¯(u)−#Γ] = 0.
This result can alternatively be deduced as an immediate corollary of Lemma 5.14 below. By
Theorem 4.1, we conclude:
Lemma 5.12. Any two distinct curves in MOB are disjoint.
Combining that with Lemma 5.11, it follows that the curves in MOB form a smooth
foliation of some open subset of Ŵ .
Lemma 5.13. Assume uP ∈ M
+
OB is a J+-holomorphic page in R×M , and uγ : R× S
1 →
R×M is the orbit cylinder for an embedded Reeb orbit γ that is a component of the binding B.
Then
uP ∗ uγ = 0.
Proof. The page P ⊂ M is always disjoint from the binding B ⊂ M , thus uP · uγ = 0, so
it only remains to show that ι∞(uP , uγ) = 0. By Theorem 4.13, this is true if and only if
the asymptotic eigenfunction controlling the approach of the relevant end of uP to γ has
extremal winding. Let τ denote the trivialization of γ∗ξ in which pages approach γ with
winding number 0, hence by construction, the winding (relative to τ) of the eigenfunction in
question is 0. Combining Theorem 5.9 with Proposition 3.16, we also have
1 = µτCZ(γ) = 2α
τ
−(γ) + p(γ),
hence the extremal winding is also ατ−(γ) = 0, and this implies ι∞(uP , uγ) = 0 as claimed. 
Lemma 5.14. Assume uP ∈ M
+
OB is a J+-holomorphic page in R×M and v : Σ˙
′ → R×M
is any J+-holomorphic curve whose positive ends are all asymptotic to embedded Reeb orbits
in the binding B. Then uP ∗ v = 0.
Proof. The argument depends only on the following facts:
(1) uP has no negative ends;
(2) By Lemma 5.13, uP ∗ uγ = 0 for all orbits γ that appear at positive ends of v, where
uγ denotes the orbit cylinder over γ.
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homotopy
Figure 10. A homotopy through asymptotically cylindrical maps for the
Proof of Lemma 5.14.
Figure 10 shows a homotopy through asymptotically cylindrical maps for two curves satisfying
the above conditions (uP has positive genus in the picture, which has no impact on the
argument). After a homotopy, we may assume namely that uP lives entirely in [0,∞) ×M ,
while the portion of v living in [0,∞)×M is simply a disjoint union of orbit cylinders uγ for
which Lemma 5.13 implies u ∗ uγ = 0. Using the homotopy invariance
11 of the ∗-pairing, we
conclude that u ∗ v equals a sum of terms of the form u ∗ uγ , all of which vanish. 
Lemma 5.15 (cf. [Sie11, Theorem 5.21]). Other than the J+-holomorphic pages uP ∈ M
+
OB
and the orbit cylinders over embedded orbits in B, there exist no J+-holomorphic curves in
R×M that are asymptotic to embedded orbits in B at all their positive punctures.
Proof. Any such curve v : Σ˙′ → R ×M must intersect one of the pages uP , as these foliate
R× (M \B), hence
uP ∗ v ≥ uP · v > 0,
and this contradicts Lemma 5.14. 
We are now in a position to justify the description of the compactification MOB given in
Proposition 5.10.
Lemma 5.16. Suppose uk ∈ MOB is a sequence convergent to a holomorphic building with
at least one nontrivial upper level. Then the main level of the limit is empty, and its upper
level is a J+-holomorphic page in M
+
OB.
Proof. If the lemma is false, then we obtain a holomorphic building whose top level contains
a J+-holomorphic curve in R × M that is not in M
+
OB but has all its positive punctures
asymptotic to orbits in the binding B (see Figure 11). This is impossible by Lemma 5.15. 
We can now identify ∂MOB with M
+
OB/R
∼= S1 as described in Proposition 5.10, and the
above lemma says that all other elements of MOB \MOB must be buildings with no upper
levels, i.e. nodal J-holomorphic curves in Ŵ . The components of these nodal curves have
only positive ends (if any), all asymptotic to distinct simply covered orbits in the binding B.
11Note that the homotopy in our proof of Lemma 5.14 is not a homotopy through J-holomorphic curves,
but only through asymptotically cylindrical maps.
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uk
(Ŵ , J)
(Ŵ , J)
(R×M,J+)
(R×M,J+)
(M, ξ)
Figure 11. A hypothetical degeneration of a sequence uk ∈ MOB to a
holomorphic building in MOB. This scenario is ruled out by Lemma 5.15,
which says that the two curves in the top level that are not trivial cylinders
cannot exist.
These orbits all have have Conley-Zehnder index 1 relative to the canonical trivialization.
Now (A.5) gives the index of such a curve v : Σ′ \ Γ′ → Ŵ as
ind(v) = −χ(Σ′ \ Γ′) + 2cτ1(v
∗TŴ ) +
∑
z∈Γ′
µτCZ(γz) = −χ(Σ
′) + 2cτ1(v
∗TŴ ).
This matches the index formula for the closed case closely enough that one can now repeat
the compactness argument in the proof of Lemma 1.17 (see Appendix A.1) more or less
verbatim,12 thus proving:
Lemma 5.17. There exists a finite set of simple curves B ⊂M0(Ŵ , J), with index 0, such
that every nodal curve in MOB has exactly two components v+, v− ∈ B. 
To finish the proof, we must study the intersection-theoretic properties of the components
of nodal curves {v+, v−} ∈ MOB. Given such a curve as limit of a sequence uk ∈ MOB, we
have
(5.1) 0 = uk ∗ uk = v+ ∗ v+ + v− ∗ v− + 2(v+ ∗ v−).
12There are two main differences from the closed case: first, it is trivial to prove that nonclosed curves in
B are simple, since their asymptotic orbits are distinct and simply covered, while for closed components one
must apply the same argument as before. Second, proving compactness (and hence finiteness) of B requires
first ruling out holomorphic buildings with nontrivial upper levels—this works the same way as in Lemma 5.16.
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Exercise 5.18. Verify (5.1), using the definition of the ∗-pairing from Lecture 4.
Observe that v+ and v− cannot be the same curve up to parametrization, as they are
required to have distinct sets of asymptotic orbits. This implies that they have at least one
isolated intersection, so by Theorem 4.1,
(5.2) v+ ∗ v− ≥ v+ · v− ≥ 1.
Since ind(v±) = 0 and all asymptotic orbits of v± have odd Conley-Zehnder index, (3.18)
gives
cN (v±) = −1.
Now applying Siefring’s adjunction formula (Theorem 4.4), the spectral covering numbers
σ¯(v±) are each equal to the number of punctures since all orbits are simply covered, so these
terms vanish from the adjunction formula and we have
v± ∗ v± = 2 [δ(v±) + δ∞(v±)] + cN (v±) = 2 [δ(v±) + δ∞(v±)]− 1.
Combining this with (5.1) gives
0 = 2
∑
±
[δ(v±) + δ∞(v±)] + 2(v+ ∗ v− − 1),
so in light of (5.2), we have
δ(v±) = δ∞(v±) = 0, v+ ∗ v− = v+ · v− = 1, and v± ∗ v± = −1,
implying that v± are both embedded and intersect each other exactly once, transversely.
Moreover, if either component is closed, then its homological self-intersection number is now
v± · v± = v± ∗ v± = −1, hence it is a J-holomorphic exceptional sphere; see Figure 12. In
the same manner, one can show that the nodal curves inMOB are all fully disjoint from each
other and from the smooth curves in MOB.
Arguing as in the proof of Theorem 1.16, let F ⊂ Ŵ denote the union of the images of the
curves in B, which are finitely many properly embedded surfaces. Then let
X :=
{
p ∈ Ŵ \ F
∣∣ p is in the image of a curve in MOB} .
The lemmas proved above imply thatX is an open and closed subset of Ŵ \F , thusX = Ŵ \F ,
and we see that every point in Ŵ is in the image of a unique (possibly nodal) curve in MOB,
giving a surjective map
Π : Ŵ →MOB \ ∂MOB.
Since the J+-holomorphic pages [uP ] ∈ M
+
OB/R = ∂MOB also foliate M \ B under the
projection R×M →M , we can extend Π to the natural compactificationW := Ŵ∪({∞}×M)
as a surjective map
Π :W \B →MOB,
whose smooth fibres are the compact symplectically embedded surfaces with boundary ob-
tained as the images of maps u¯ : Σ→W for u ∈ MOB, and we are treating B as a submanifold
of {∞}×M = ∂W . There is still a small amount of work to be done in identifying the above
construction with something that one can regard as a smooth symplectic Lefschetz fibration,
but we will leave this part as an exercise to the reader; details (in a more general setting)
may be found in [LVW].
There is still one detail in Proposition 5.10 that we have not verified: we’ve seen thatMOB
is an oriented 2-dimensional manifold, compactified by adding finitely many interior points
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uk
(Ŵ , J)
(Ŵ , J)
(Ŵ , J)
Figure 12. Two possible degenerations of a sequence uk ∈ MOB to nodal
curves in MOB. The second scenario includes a J-holomorphic exceptional
sphere and is thus only possible if (W,ω) is not minimal.
(the nodal curves) and the boundary ∂MOB = M
+
OB/R
∼= S1, hence MOB is a compact
oriented surface with one boundary component, but we claim in fact that it is a disk. To see
this, choose a smooth loop γ : S1 → M near a binding component that meets every page of
the open book exactly once transversely. Viewing γ as a loop in {∞} ×M = ∂W , the loop
Π ◦ γ : S1 →MOB
then parametrizes ∂MOB. Now, γ is obviously not contractible in M \ B, but we can easily
assume it is contractible in W \ B: indeed, γ can be chosen contractible in M , and then
translating downward from {∞}×M to a level {s}×M ⊂ Ŵ for s ∈ [0,∞) gives a contractible
loop in Ŵ . Composing this contraction with Π, we conclude
[∂MOB] = 0 ∈ π1(MOB),
hence MOB ∼= D.
Appendix A. Properties of pseudoholomorphic curves
In this appendix we will summarize (without proofs) the essential analytical results about
pseudoholomorphic curves that are used in various places in these lectures. The first section
covers results on closed holomorphic curves that are needed in Lectures 1 and 2, and §A.2
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then states the generalizations of these results to punctured curves in completed symplectic
cobordisms. For more details on each, we refer to [MS04] or [Wena] for the closed case and
[Wenb] for the punctured case.
A.1. The closed case. Given a closed symplectic manifold (M,ω) with a compatible13 al-
most complex structure J , we defined in §1.2 the moduli space MAg (M,J) of (equivalence
classes up to parametrization of) J-holomorphic curves with genus g ≥ 0 homologous to
A ∈ H2(M). We shall now summarize the main analytical properties of this space and use
them to prove Lemma 1.17.
The virtual dimension of MAg (M,J), also sometimes called the index of a curve u ∈
MAg (M,J) and denoted by ind(u) ∈ Z, is defined to be the integer
(A.1) vir-dimMAg (M,J) := (n− 3)(2− 2g) + 2c1(A),
where c1(A) is shorthand for the evaluation of the first Chern class c1(TM, J) ∈ H
2(M)
on the homology class A. This definition of vir-dimMAg (M,J) is justified by Theorem A.3
below.
Recall that closed J-holomorphic curves u : (Σ, j) → (M,J) are always either simple
or multiply covered, where the latter means u = v ◦ ϕ for some closed J-holomorphic
curve v : (Σ′, j′) → (M,J) and holomorphic map ϕ : (Σ, j) → (Σ′, j′) of degree deg(ϕ) > 1.
Combining general topological arguments with the local properties of J-holomorphic curves
(e.g. Theorem B.1 in Appendix B), one can show:
Theorem A.1. Every nonconstant, closed and connected J-holomorphic curve u : (Σ, j) →
(M,J) has at most finitely many critical points. Moreover, if u is simple, then it also has at
most finitely many double points, hence it is embedded outside of some finite subset of Σ.
The following related result is sometimes referred to as the unique continuation principle:
Theorem A.2. If u and v are two closed J-holomorphic curves that are both simple, then
they are either equivalent up to parametrization or have at most finitely many intersections.
The automorphism group of a triple (Σ, j, u) representing an element of MAg (M,J) is
defined as
Aut(Σ, j, u) = {ϕ : (Σ, j)→ (Σ, j) biholomorphic | u = u ◦ ϕ} .
This group is always finite if u : Σ → M is not constant, and it is trivial when ever u is
simple.
The following result is dependent on a definition of the term Fredholm regular, which
is rather technical and therefore we will not give it—this is obviously a terrible thing to do,
but hopefully Theorems A.4 and A.6 below will make up for it. The proofs of these results
depend on the regularity theory of elliptic PDEs; see [MS04] or [Wena] for details.
Theorem A.3. The subset of MAg (M,J) consisting of all curves that are Fredholm regular
and have trivial automorphism groups is open, and moreover, it naturally admits the structure
of a smooth oriented finite-dimensional manifold, with dimension equal to vir-dimMAg (M,J).
13The vast majority of the results we will state here can also generalized for almost complex structures that
are tamed by ω but not necessarily compatible.
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Recall that for any topological space X, a subset Y ⊂ X is said to be comeagre if it
contains a countable intersection of open dense sets.14 If X is a complete metric space, then
the Baire category theorem implies that every comeagre subset of X is also dense.
Theorem A.4. Suppose (M,ω) is a closed symplectic manifold, U ⊂ M is an open subset,
and J0 is an ω-compatible almost complex structure on M . Let J (U , J0) denote the space of
all smooth ω-compatible almost complex structures J on M such that J ≡ J0 on M \ U , and
assign to J (U , J0) the natural C
∞-topology. Then there exists comeagre subset J reg(U , J0) ⊂
J (U , J0) such that for all J ∈ J
reg(U , J0), every simple curve u ∈ M
A
g (M,J) that intersects U
is Fredholm regular.
Results such as Theorem A.4 that hold for all data in some comeagre subset are often said
to hold for generic data, so one can summarize the two theorems above by saying that the
moduli space of simple J-holomorphic curves is a smooth manifold of the “correct” dimension
for “generic” J . This fact is true even for moduli spaces with vir-dimMAg (M,J) < 0, implying
that in such spaces, no Fredholm regular curves exist:
Corollary A.5. For generic ω-compatible almost complex structures J in a closed symplectic
manifold (M,ω), every simple J-holomorphic curve u satisfies ind(u) ≥ 0.
Theorem A.4 is a “transversality” result, i.e. it follows from an infinite-dimensional ver-
sion (the Sard-Smale theorem) of the standard fact from differential topology that any two
submanifolds intersect each other transversely after a generic perturbation. Occasionally, one
also needs transversality results for non-generic data. Such results exist—they follow from the
Riemann-Roch formula in certain fortunate situations—but their utility is typically limited
to dimension 4 and genus 0, as with the following theorem of Hofer-Lizan-Sikorav [HLS97]:
Theorem A.6. If dimM = 4 and J is any almost complex structure on M , then every
immersed J-holomorphic curve u ∈ MAg (M,J) with ind(u) > 2g − 2 is Fredholm regular.
The moduli space MAg (M,J) is not generally compact, but if M is closed and J is com-
patible with a symplectic form ω, then it has a natural compactification. The energy of a
curve u ∈ Mg(M,J) can be defined as
E(u) =
∫
Σ
u∗ω
for any parametrization u : Σ → M ; the taming condition implies that E(u) ≥ 0 for all
J-holomorphic curves, with equality if and only if the curve is constant. Observe that E(u)
only depends on [u] ∈ H2(M).
The moduli space of stable nodal J-holomorphic curves of arithmetic genus g
homologous to A ∈ H2(M) is defined as
M
A
g (M,J) := {(S, j, u,∆)}
/
∼,
where:
• (S, j) is a (possibly disconnected) closed Riemann surface;
14It is common among symplectic topologists to say that comeagre subsets are “Baire sets” or are “of second
category,” but this seems to be slightly inconsistent with the standard usage of these terms in other fields.
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• The set of nodes, ∆ ⊂ S, is a finite unordered set of pairwise distinct points organised
into pairs
∆ = {{zˆ1, zˇ1}, . . . , {zˆr, zˇr}}
such that the singular surface
Ŝ := S
/
zˆj ∼ zˇj for j = 1, . . . , r
is homeomorphic to a (possibly singular) fibre of some Lefschetz fibration with regular
fibres of genus g;
• u : (S, j) → (M,J) is a pseudoholomorphic map with [u] = A that descends to the
quotient Ŝ = S/ ∼ as a continuous map Ŝ →M ;
• Every connected component of S \∆ on which u is constant has negative Euler char-
acteristic;
• We write (S, j, u,∆) ∼ (S′, j′, u′,∆′) if there is a biholomorphic map ϕ : (S, j) →
(S′, j′) such that u = u′ ◦ ϕ and ϕ maps pairs in ∆ to pairs in ∆′.
There is a natural inclusion MAg (M,J) ⊂ M
A
g (M,J) defined by setting ∆ := ∅ for any
[(Σ, j, u)] ∈MAg (M,J). We denote the union over all A ∈ H2(M) by Mg(M,J).
Theorem A.7 (Gromov’s compactness theorem). For each A ∈ H2(M), g ≥ 0 and each
ω-compatible almost complex structure J on a closed symplectic manifold (M,ω), M
A
g (M,J)
admits a natural topology as a compact metrizable Hausdorff space. Moreover, any sequence
uk ∈ Mg(M,J) of curves satisfying a uniform energy bound E(uk) ≤ C has a subsequence
convergent to an element of Mg(M,J).
Remark A.8. The second statement in the above theorem does not impose any direct restric-
tion on the homology classes [uk] ∈ H2(M), but it implies the existence of a subsequence with
constant homology. Observe that the required energy bound is automatic if all uk represent
a fixed homology class.
It will not be necessary for our purposes to give a complete definition of the topology of
M
A
g (M,J), but we can describe the convergence of a sequence of smooth curves [(Σk, jk, uk)] ∈
MAg (M,J) to a nodal curve [(S, j, u,∆)] ∈ M
A
g (M,J) as follows. (See Figure 13 for an
example.) Let S′ denote the compact topological 2-manifold with boundary (Figure 14, lower
left) obtained from S by replacing each point z ∈ ∆ ⊂ S with the circle
Cz := TzS
/
R+,
where R+ := (0,∞) acts on TzS by scalar multiplication. The smooth structure of S \∆ does
not have an obviously canonical extension over S′, but each boundary component Cz ⊂ ∂S
′
inherits from the conformal structure of (S, j) a natural class of preferred diffeomorphisms
to S1. Now since the points in ∆ come in pairs {zˆ, zˇ}, we can make a choice of preferred
orientation reversing diffeomorphisms Czˆ → Czˇ for each such pair and glue corresponding
boundary components of S′ to define a closed surface (Figure 14, lower right),
S := S′
/
Czˆ ∼ Czˇ.
This is naturally a closed topological 2-manifold and it also carries a smooth structure and a
complex structure on S \ C = S \∆, where
C :=
⋃
z∈∆
Cz ⊂ S.
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Figure 13. A sequence of genus 3 holomorphic curves degenerating to a
nodal curve of arithmetic genus 3, with four nodes, two connected components
of genus 0 and one of genus 1.
Since u(zˆ) = u(zˇ) for each pair {zˆ, zˇ} ⊂ ∆, u extends from S \ C to a continuous map
u¯ : S →M.
The convergence [(Σk, jk, uk)] → [(S, j, u,∆)] can now be defined to mean that for suffi-
ciently large k there exist homeomorphisms
ϕk : S → Σk
whose restrictions to S \ C are smooth and have smooth inverses, such that
ϕ∗kjk → j in C
∞
loc(S \ C), uk ◦ϕk → u in C
∞
loc(S \ C,M), and uk ◦ϕk → u¯ in C
0(S,M).
The analytical toolbox is now complete enough to fill in the following gap from §1.2.
Proof of Lemma 1.17. By construction, M
[S]
0 (M,J) contains an embedded curve uS , defined
as the inclusion of S. The almost complex structure J cannot be assumed “generic” in the
sense of Theorem A.4 since we chose it specifically to have the property of preserving TS. We
claim however that uS is nonetheless Fredholm regular due to Theorem A.6. Indeed, it has
trivial normal bundle NS → S
2 since [S] · [S] = 0, so the natural splitting of complex vector
bundles
(u∗STM, J) = (TS
2, j) ⊕ (NS , J)
implies
c1([S]) := c1(u
∗
STM) = c1(TS
2) + c1(NS) = χ(S
2) + 0 = 2.
Plugging c1([S]) = 2 and n = 2 into the index formula (A.1) now gives
ind(uS) = −2 + 2c1([S]) = 2,
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zˆ2
zˆ3
zˆ4
zˇ1
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zˇ3
zˇ4
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Ĉ2
Ĉ3
Ĉ4
Cˇ1
Cˇ2
Cˇ3
Cˇ4
(S, j) u(S)
S
S′
Figure 14. Four ways of viewing the nodal holomorphic of Figure 13. At
the upper left, we see the disconnected Riemann surface (S, j) with nodal
pairs {zˆi, zˇi} for i = 1, 2, 3, 4. To the right of this is a possible picture of
the image of the nodal curve, with nodal pairs always mapped to identical
points. The bottom right shows the surface S′ with boundary, obtained from
S by replacing the points zˆi, zˇi with circles Ĉi, Cˇi. Gluing these pairs of circles
together gives the closed connected surface S at the bottom right, whose genus
is by definition the arithmetic genus of the nodal curve.
hence vir-dimM
[S]
0 (M,J) = 2. Since uS also is immersed, it now satisfies the hypotheses of
Theorem A.6, so Fredholm regularity follows.
To achieve smoothness near the rest of the simple curves in M
[S]
0 (M,J), it suffices to
choose a generic perturbation J ′ of J on the open subset M \ S. Indeed, for any such J ′,
assuming J ′ = J along S ensures that uS is also J
′-holomorphic, so unique continuation
(Theorem A.2) then implies that no other J ′-holomorphic curve in M can be contained
entirely in S unless it is a multiple cover of uS . In particular, uS itself is the only such
curve that is either simple or homologous to [S]. It follows then by Theorem A.4 that every
other simple curve in M0(M,J
′) is also Fredholm regular, so by Theorem A.3, the subset
M
[S],∗
0 (M,J
′) ⊂ M
[S]
0 (M,J
′) of simple curves is an oriented 2-dimensional manifold. To
simplify the notation, we relabel J := J ′ from now on.
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By Gromov’s compactness theorem (Theorem A.7), any sequence uk ∈ M
[S],∗
0 (M,J) with
no convergent subsequence inM
[S]
0 (M,J) converges to a nodal curve with arithmetic genus 0.
The genus condition implies that its connected components are all spheres, so we can regard
the nodal curve simply as a finite set of J-holomorphic spheres v1, . . . , vN ∈ M0(M,J) with
N ≥ 2, satisfying the condition
(A.2) [v1] + . . . [vN ] = [S].
These spheres cannot at first be assumed to be simple, but for each j = 1, . . . , N , there is a
simple curve wj ∈ Mgj (M,J) and an integer kj ∈ N such that vj is a kj-fold cover of wj; here
we adopt the convention wj = vj if kj = 1. If kj > 1, then vj factors through a holomorphic
map S2 → Σgj of degree kj , where Σgj is a closed connected surface with genus gj ; but
no such map exists if gj > 0 since the universal cover of Σgj is then contractible, implying
π2(Σgj ) = 0, so we conclude that each wj has genus 0. Now since all simple J-holomorphic
curves in M are Fredholm regular, Corollary A.5 and the index formula (A.1) give
ind(wj) = −2 + 2c1([wj ]) ≥ 0,
hence c1([wj ]) ≥ 1. Since c1([S]) = 2, (A.2) now gives
(A.3) k1 + · · ·+ kN ≤ k1c1([w1]) + . . .+ kN c1([wN ]) = 2,
thus N = 2 and k1 = k2 = c1([v1]) = c1([v2]) = 1. We conclude that the nodal curve has
exactly two components, both simple, and since [v1] + [v2] = [S], they satisfy the uniform
energy bound
(A.4) E(vj) = 〈[ω], [vj ]〉 ≤ 〈[ω], [v1]〉+ 〈[ω], [v2]〉 = 〈[ω], [S]〉
for j = 1, 2.
Finally, we claim that the set of simple curves v ∈ M0(M,J) with c1([v]) = 1 is finite. By
Theorems A.3 and A.4, this set is a 0-dimensional manifold, i.e. a discrete set, so finiteness
will follow if we can show that it is compact. This follows essentially by a repeat of the
argument above; note that Gromov’s compactness theorem is applicable due to the energy
bound (A.4). Now if a sequence of such curves converges to a nodal curve with more than
one component, then it produces an inequality like (A.3) but with 1 on the right hand side,
which gives a contradiction. The only remaining possibility is that a sequence vk of curves
with c1([vk]) = 1 converges to a smooth but multiply covered curve v, but this is immediately
excluded since c1([v]) = 1, so [v] is a primitive homology class. 
Remark A.9. Let us see what goes wrong if one tries to prove an analogue of McDuff’s theorem
about ruled surfaces under the assumption of a symplectically embedded surface S ⊂ (M,ω)
with [S] · [S] = 0 and genus g > 0. One can still construct an embedded J-holomorphic curve
uS ∈ M
[S]
g (M,J), and since its normal bundle NS → S is necessarily trivial, the splitting
u∗TM = TS ⊕NS now gives c1([S]) = χ(S) = 2− 2g, so (A.1) now gives
vir-dimM[S]g (M,J) = −(2− 2g) + 2c1([S]) = 2− 2g.
This answer is desirable when g = 0 because 2 is the right number of dimensions to foliate
a 4-manifold by holomorphic curves—but if g > 0, one cannot hope to find a 2-parameter
family of holomorphic curves homologous to [S], and in fact the curves should disappear
entirely after a generic perturbation if g > 1. The failure of the proof is thus attributable
essentially to the Riemann-Roch formula, from which the dimension formula (A.1) is derived.
It is more than a failure of technology, however, as the theorem is false when g > 0.
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A.2. Curves with punctures. Assume (W,ω) is a 2n-dimensional symplectic cobordism
with
∂(W,ω) = (−M−, ξ− = kerα−) ⊔ (M+, ξ+ = kerα+),
(Ŵ , ωˆ) denotes its completion and J ∈ J (ω,α+, α−); see §2.4 for the relevant definitions.
Consider an asymptotically cylindrical J-holomorphic curve u : (Σ˙ = Σ \ Γ, j) → (Ŵ , J)
asymptotic to nondegenerate15 Reeb orbits γz in M± at its positive/negative punctures z ∈
Γ± ⊂ Σ. The index formula for u can be expressed in terms of the Conley-Zehnder indices
of its asymptotic orbits, but this requires a choice of normal trivialization along each orbit.
We shall therefore fix an arbitrary choice of trivialization of γ∗ξ± for every Reeb orbit γ in
M±, and denote this choice collectively by τ . The Conley-Zehnder index of γ relative to τ
will then be denoted by µτCZ(γ), and we write the index of u as
(A.5) ind(u) := (n− 3)χ(Σ˙) + 2cτ1(u
∗TŴ ) +
∑
z∈Γ+
µτCZ(γz)−
∑
z∈Γ−
µτCZ(γz),
where cτ1(u
∗TŴ ) denotes the relative first Chern number of the complex vector bundle
(u∗TŴ , J) → Σ˙; cf. §3.4. One can check that the sum on the right hand side of (A.5)
does not depend on the choice τ . As with closed curves, ind(u) is also called the virtual
dimension of the connected component ofMg(Ŵ , J) containing u; one can show in fact that
it only depends on the Reeb orbits, the genus, and the relative homology class represented by
the continuous map u¯ : Σ→ W .
A curve u : (Σ˙, j)→ (Ŵ , J) inMg(Ŵ , J) ismultiply covered whenever it can be written
as u = v ◦ ϕ for some v : (Σ˙′, j′)→ (Ŵ , J) in Mg′(Ŵ , J) and a holomorphic map
ϕ : (Σ, j)→ (Σ′, j′) with ϕ(Σ˙) = Σ˙′,
having degree deg(ϕ) > 1. The automorphism group Aut(Σ, j,Γ, u) can be defined simi-
larly as the group of biholomorphic maps ϕ : (Σ, j)→ (Σ, j) that fix each point in Γ and satisfy
u = u ◦ ϕ. If u is not multiply covered, it is called simple, and then it necessarily has trivial
automorphism group. A straightforward combination of standard arguments for the closed
case (e.g. [MS04, Prop. 2.5.1]) with Siefring’s relative asymptotic formula (Theorem 3.11)
proves:
Theorem A.10. Theorems A.1 and A.2 also hold for asymptotically cylindrical J-holomorphic
curves in Ŵ .
A proof of the following generalization of Theorem A.3 is sketched in [Wen10a, Theorem 0]:
Theorem A.11. The subset of Mg(Ŵ , J) consisting of all Fredholm regular curves with
trivial automorphism group is open and admits the structure of a smooth finite-dimensional
manifold, whose dimension near any given curve u ∈ Mg(Ŵ , J) is ind(u).
We have intentionally omitted the word “oriented” from Theorem A.11, as the question of
orientations is somewhat subtler here than in the closed case; see [BM04] or [EGH00, §1.8].
Theorem A.4 generalizes as follows:
15Most of this discussion can also be generalized to allow Reeb orbits in Morse-Bott nondegenerate families,
though the index formula becomes more complicated (see e.g. [Bou02,Wen10a]). In general, the linearised
Cauchy-Riemann operator is not Fredholm (and thus the moduli space is not well behaved) unless some
nondegeneracy condition is imposed on the ends.
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Theorem A.12. Assume U ⊂ Ŵ is an open subset with compact closure, fix J0 ∈ J (ω,α+, α−),
and define
J (U , J0) :=
{
J ∈ J (ω,α+, α−)
∣∣ J ≡ J0 on Ŵ \ U}
with its natural C∞-topology. Then there exists a comeagre subset J reg(U , J0) ⊂ J (U , J0)
such that for all J ∈ J reg(U , J0), every simple curve u ∈ Mg(Ŵ , J) that intersects U is
Fredholm regular.
There is a further variation on the theme of “generic transversality” that only makes sense
in the symplectization (R ×M,d(esα)) of a contact manifold (M, ξ = kerα): a perturbation
of a translation-invariant structure J ∈ J (α) that is generic in the sense of Theorem A.12
cannot generally be assumed translation-invariant, but Dragnev [Dra04] (see also the appendix
of [Bou06]) proved:
Theorem A.13. Suppose (M, ξ = kerα) is a closed contact manifold, U ⊂ M is an open
subset and J0 ∈ J (α), and denote
J (U , J0) := {J ∈ J (α) | J ≡ J0 on R× (M \ U)} .
Then there exists a comeagre subset J reg(U , J0) ⊂ J (U , J0) such that for all J ∈ J
reg(U , J0),
every simple curve u ∈ Mg(R ×M,J) that intersects R× U is Fredholm regular.
Observe that in the symplectization, the translation-invariance of J ∈ J (α) turns any
curve u ∈Mg(R×M,J) that isn’t a cover of an orbit cylinder into a 1-parameter family, so
Theorem A.13 implies a slightly different analogue of Corollary A.5:
Corollary A.14. For generic J ∈ J (α) on the symplectization of a closed contact mani-
fold (M, ξ = kerα), every simple J-holomorphic curve that is not an orbit cylinder satisfies
ind(u) ≥ 1.
The punctured generalization of our previous “automatic” transversality result (Theo-
rem A.6) is again valid only in dimension 4, and is most easily stated in terms of the normal
Chern number (see §3.4):
Theorem A.15 ([Wen10a, Theorem 1]). If dim Ŵ = 4 and J ∈ J (ω,α+, α−), then every
immersed J-holomorphic curve u ∈ MAg (Ŵ , J) with ind(u) > cN (u) is Fredholm regular.
Before stating the generalization of Gromov’s compactness theorem, we must define the
energy of a curve u ∈ Mg(Ŵ , J). The obvious definition (by integrating u
∗ωˆ) is not quite
the right one, as for instance orbit cylinders uγ(s, t) = (Ts, γ(t)) in the symplectization
(R×M,d(esα)) satisfy ∫
R×S1
u∗γd(e
sα) =∞.
Instead, denote
T :=
{
ϕ : R→ (−1, 1) smooth
∣∣ ϕ′(s) > 0 for all s ∈ R and ϕ(s) = s near s = 0} ,
and observe that for every ϕ ∈ T , the 2-form on Ŵ defined by
ωϕ :=

ω on W ,
d
(
eϕ(s)α+
)
on [0,∞)×M+,
d
(
eϕ(s)α−
)
on (−∞, 0]×M
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is symplectic, and any J ∈ J (ω,α+, α−) is ωϕ-compatible. We then define
(A.6) E(u) := sup
ϕ∈T
∫
Σ˙
u∗ωϕ
for any parametrization u : Σ˙→ Ŵ of a curve in Mg(Ŵ , J).
The natural compactification ofMg(Ŵ , J) is the spaceMg(Ŵ , J) of (nodal) J-holomorphic
buildings
(v+N+ , . . . , v
+
1 , v0, v
−
1 , . . . , v
−
N−
),
which have N+ ≥ 0 upper levels, N− ≥ 0 lower levels and exactly one main level. Each
of the levels is a (possibly disconnected) asymptotically cylindrical nodal curve, and
• v+i for i = 1, . . . , N+ live in R×M+ and are J+-holomorphic, where
J+ := J |[0,∞)×M+ ∈ J (α+);
• v0 lives in Ŵ and is J-holomorphic;
• v−i for i = 1, . . . , N− live in R×M− and are J−-holomorphic, where
J− := J |(−∞,0]×M− ∈ J (α−).
The levels also connect to each other, in the sense that negative asymptotic orbits of each
level match the positive asymptotic orbits of the one below it; see Figure 15. The natural
inclusion
Mg(Ŵ , J) →֒ Mg(Ŵ , J)
regards any smooth curve u ∈ Mg(Ŵ , J) as a building that has no upper or lower levels and
no nodes.
Theorem A.16. For every g ≥ 0 and every J ∈ J (ω,α+, α−), Mg(Ŵ , J) admits a natural
topology as a metrizable Hausdorff space, and its connected components are compact. More-
over, any sequence uk ∈ Mg(Ŵ , J) of curves satisfying a uniform energy bound E(uk) ≤ C
in the sense of (A.6) has a subsequence convergent to an element of Mg(Ŵ , J).
For full details onMg(Ŵ , J), including precise definitions of the arithmetic genus g and
the notion of convergence to a holomorphic building, we refer to [BEH+03].
Appendix B. Local Positivity of intersections
In this appendix we explain the local results in the background of the standard theorems
of §2.1 on positivity of intersections and the adjunction formula. We will occasionally use the
notation
D := {z ∈ C | |z| ≤ 1} and Dǫ := {z ∈ C | |z| ≤ ǫ}
for ǫ > 0.
We begin with the fact that an isolated intersection of two J-holomorphic curves in an
almost complex 4-manifold always counts positively (Theorem 2.3). This admits a relatively
easy proof via the similarity principle in the special case where one of the curves is locally
embedded near the intersection (cf. [MS04, Exercise 2.6.1]). Of course, the result is also true
without this extra assumption, and the literature contains two quite different approaches to
proving this. One approach, due to McDuff [McD94], shows that a J-holomorphic curve with
critical points always admits a global perturbation to an immersed J ′-holomorphic curve for
some perturbed almost complex structure J ′, thus the general case can be reduced to the
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(Ŵ , J) (Ŵ , J)
(R×M+, J+)
(R×M−, J−)
(R×M−, J−)
(R×M−, J−)
v0
v+1
v−1
v−2
v−3
(M+, ξ+)
(M−, ξ−)
Figure 15. Degeneration of a sequence uk of punctured holomorphic curves
with genus 2, one positive end and two negative ends in a symplectic cobor-
dism. The limiting holomorphic building (v+1 , v0, v
−
1 , v
−
2 , v
−
3 ) in this example
has one upper level, a main level and three lower levels, each of which is a
(possibly disconnected) punctured nodal holomorphic curve. The building has
arithmetic genus 2 and the same numbers of positive and negative ends as uk.
immersed case. This is an elegant argument, but it gives little insight as to what is really
happening near critical points of holomorphic curves, so we will instead discuss a purely
local approach, using a variation on a result of Micallef and White [MW95]. The following
statement is weaker than the actual Micallef-White theorem but suffices for our purposes,
and is considerably easier to prove.
Theorem B.1. Suppose (M,J) is an almost complex manifold of dimension 2n, and u :
(Σ, j) → (M,J) is a J-holomorphic curve that is not constant in some neighborhood of the
point z0 ∈ Σ. Then there exists a unique integer k ∈ N and 1-dimensional complex subspace
L ⊂ Tu(z0)M such that one can find smooth coordinate charts on neighborhoods of z0 ∈ Σ and
u(z0) ∈ M , identifying these points with the origin in C and C
n respectively and identifying
L with C× {0} ⊂ Cn, so that u in these coordinates near z0 takes the form
u(z) = (zk, uˆ(z)) ∈ C× Cn−1
for some smooth function uˆ(z) ∈ Cn−1 that is defined for z near 0 and has vanishing deriva-
tives at 0 up to order at least k. We will say in this case that u has tangent space L with
critical order k−1 at z. Moreover, the function uˆ is either identically zero near 0 or satisfies
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the formula
uˆ(z) = zk+ℓuCu + |z|
k+ℓuru(z)
for some constants Cu ∈ C
n−1 \ {0}, ℓu ∈ N, and a function ru(z) ∈ C
n−1 with ru(z)→ 0 as
z → 0.
Further, if v : (Σ′, j′) → (M,J) is another J-holomorphic curve with an intersection
u(z0) = v(ζ0) at some point ζ0 ∈ Σ
′ where u and v have the same tangent spaces and critical
orders, then the coordinates above can be chosen together with coordinates near ζ0 on Σ
′ such
that v satisfies a similar representation formula
v(z) = (zk, vˆ(z)),
with either vˆ ≡ 0 or
vˆ(z) = zk+ℓvCv + |z|
k+ℓvrv(z)
for some Cv ∈ Cn−1 \ {0}, ℓv ∈ N and function rv(z) with rv(z) → 0 as z → 0. Any two
curves written in this way are related to each other as follows: either uˆ ≡ vˆ, or
(B.1) uˆ(z)− vˆ(z) = zk+ℓ
′
C ′ + |z|k+ℓ
′
r′(z),
for some constants C ′ ∈ Cn−1 \ {0}, ℓ′ ∈ N and a function r′(z) ∈ Cn−1 with r′(z) → 0 as
z → 0.
Exercise B.2. Prove Theorem B.1 for the case (M,J) = (Cn, i).
Exercise B.3. Use Theorem B.1 to show that for any J-holomorphic curve u : (Σ, j) →
(M,J) with a point z0 ∈ Σ where du(z0) = 0 but u is not constant near z0, all other points
in some neighborhood of z0 are immersed points, and moreover, the natural map
z 7→ im du(z)
from the immersed points in Σ to the bundle of complex 1-dimensional subspaces in (TM, J)
extends continuously to z0.
The much deeper theorem of Micallef and White [MW95] applies to a more general class
of maps than just J-holomorphic curves, and it also provides coordinates in which uˆ(z)
and vˆ(z) become polynomials, thus the remainder formulas stated in Theorem B.1 become
obvious, though at the cost of having to allow non-smooth coordinate charts. The Micallef-
White theorem is discussed in more detail in [MS04, Appendix E] (written with Laurent
Lazzarini) and [Sik97]. Our weaker version is based on ideas due to Hofer, and is essentially
a “non-asymptotic version” of Siefring’s relative asymptotic analysis [Sie05,Sie08], described
in Lecture 3. The proof is based on the intuition that for any J-holomorphic curve expressed
in local coordinates in which the almost complex structure is standard at a given point, the
leading order term in the Taylor expansion at that point should be holomorphic, meaning
it is a function of some power zk but not zkz¯ℓ or z¯k. Full details may be found in [Wena,
Theorem 2.114].
One of the insights we gain from Theorem B.1 (and Exercise B.3) is that a nonconstant J-
holomorphic curve has a well-defined tangent space at every point, including critical points,
with a nonnegative critical order k ∈ Z that is strictly positive if and only if the point is
critical. We can now prove local positivity of intersections (Theorem 2.3) by considering
separately the cases where the two curves have matching or non-matching tangent spaces
at their intersection. Note that when dimM = 4, the condition that two (complex-linear!)
tangent spaces at an intersection point do not match means simply that they are transverse,
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and the intersection itself is then transverse if and only if neither curve is critical at the
intersection point.
Exercise B.4. Let π : Cn \ {0} → CPn−1 denote the natural projection, and consider a map
u : D → Cn of the form u(z) = (zk, |z|k+1f(z)) for some k ≥ N and a bounded function
f : D → Cn−1. Show that for any neighborhood U of [1 : 0 : . . . : 0] ∈ CPn−1, one can find
ǫ > 0 such that the restriction of π ◦ u to Dǫ \ {0} has image in U .
Proposition B.5. Suppose u : (Σ, j) → (M,J) and v : (Σ′, j′) → (M,J) are two J-
holomorphic curves with an intersection u(z0) = v(ζ0) at which u has critical order ku−1 ≥ 0,
v has critical order kv − 1 ≥ 0, and their tangent spaces (in the sense of Theorem B.1) are
distinct. Then the intersection is isolated, and if dimM = 4, its local intersection index is
ι(u, z0; v, ζ0) = kukv;
in particular, it is positive, and equal to 1 if and only if the intersection is transverse.
Proof. By Theorem B.1, we can choose coordinates such that without loss of generality z0 =
ζ0 = 0 ∈ D = Σ = Σ
′, M = Cn, u(z) = (zku , |z|ku+1f(z)) for some bounded function
f : D → Cn−1, and v : D → Cn satisfies v(0) = 0. The condition of distinct tangent spaces
implies via Exercise B.4 that if π : Cn \ {0} → CPn−1 denotes the natural projection, we can
also assume that the images of the maps
π ◦ u|D\{0}, π ◦ v|D\{0} : D \ {0} → CP
n−1
lie in arbitrarily small neighborhoods of two distinct points. The same is also true if we
replace u with any of the maps
uτ : D→ C
n : z 7→ (zku , τ |z|ku+1f(z)), τ ∈ [0, 1].
The claim that the intersection is isolated follows immediately, and when n = 2, we also
deduce via Exercise 2.1 that ι(u, 0; v, 0) = ι(u0, 0; v, 0). After applying the same homotopy
argument in different coordinates adapted to v and then choosing new coordinates so that
the tangent spaces of u and v match C × {0} and {0} × C respectively, we can reduce the
problem to a computation of ι(u0, 0; v0; 0) for
u0(z) = (z
ku , 0), v0(z) = (0, z
kv ).
Choose ǫ > 0 and perturb these maps to (zku + ǫ, 0) and (0, zkv + ǫ) respectively. Both
are now holomorphic for the standard complex structure on C2 and they have exactly kukv
intersections, all transverse. 
When both curves have matching tangent spaces where they intersect, we will need to
use the more precise information provided by Theorem B.1. Observe that in this case the
intersection can never be transverse.
Exercise B.6. Suppose dimM = 4, u, v : (D, i)→ (M,J) are J-holomorphic disks and they
have an isolated intersection u(0) = v(0). Given k, ℓ ∈ N, define the J-holomorphic branched
covers uk, vℓ : (D, i)→ (M,J),
uk(z) := u(zk), vℓ(z) := v(zℓ).
Show that ι(uk, 0; vℓ, 0) = kℓ · ι(u, 0; v, 0).
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Proposition B.7. Suppose u : (Σ, j) → (M,J) and v : (Σ′, j′) → (M,J) are two J-
holomorphic curves with an intersection u(z0) = v(ζ0) at which u has critical order ku−1 ≥ 0,
v has critical order kv − 1 ≥ 0, and their tangent spaces (in the sense of Theorem B.1) are
identical. Then either the intersection u(z0) = v(ζ0) is isolated, or there exist neighborhoods
z0 ∈ Uz0 ⊂ Σ and ζ0 ∈ Uζ0 ⊂ Σ
′ such that u(Uz0) = v(Uζ0). In the former case, if dimM = 4,
the local intersection index satisfies
ι(u, z0; v, ζ0) > kukv;
in particular, it is strictly greater than 1.
Proof. We can choose holomorphic coordinates near z0 ∈ Σ and ζ0 ∈ Σ
′ so that, without loss
of generality, (Σ, j) = (Σ′, j′) = (D, i) with z0 = ζ0 = 0. Since ku and kv may be different, we
first replace u and v with suitable branched covers so that their critical orders become the
same: let
m = kukv ∈ N,
and define u′, v′ : (D, i)→ (M,J) by
u′(z) := u(zkv), v′(z) := v(zku),
so that in particular u′ and v′ both have critical order m− 1 at the intersection u′(0) = v′(0),
as well as matching tangent spaces. Now by Theorem B.1, we find new choices of local
coordinates in D near 0 and in M near u(0) = v(0) such that
u′(z) = (zm, uˆ(z)), v′(z) = (zm, vˆ(z))
for some smooth functions uˆ, vˆ : D→ Cn−1 with vanishing derivatives up to order m at 0. For
each j = 0, . . . ,m − 1, there are also J-holomorphic disks (in general with different complex
structures on their domains) v′j : D→ C
n defined by
v′j(z) := v
′(e2πij/mz) = (zm, vˆj(z)), where vˆj(z) = vˆ(e
2πij/mz).
If uˆ− vˆj is identically zero for some j = 0, . . . ,m− 1, then we have
u′(z) = v′(e2πij/mz) for all z ∈ D,
implying that u′ and v′ have identical images on some neighborhood of the intersection, in
which case so do u and v. If not, then Theorem B.1 gives for each j = 0, . . . ,m − 1 the
formula
(B.2) uˆ(z)− vˆj(z) = z
m+ℓjCj + |z|
m+ℓj rj(z),
where Cj ∈ C
n−1 \ {0}, ℓj ∈ N and rj(z) ∈ C
n−1 is a function with rj(z)→ 0 as z → 0. This
expression has an isolated zero at z = 0, thus the intersection of u′ and v′ (and hence of u
and v) is isolated.
If n = 2, we can now compute ι(u′, 0; v′, 0) by choosing ǫ > 0 small and defining the
perturbation
u′ǫ(z) := (z
m, uˆ(z) + ǫ).
This curve does not intersect v′ at z = 0 since ǫ 6= 0. If u′ǫ(z) = v
′(ζ), then zm = ζm, hence
ζ = e2πij/mz for some j = 0, . . . ,m− 1, and equality in the second factor then implies
(B.3) vˆj(z)− uˆ(z) = ǫ.
By (B.2), the zero of vˆj(z)− uˆ(z) at z = 0 has order m+ ℓj > m, thus if ǫ > 0 is sufficiently
small and chosen generically so that it is a regular value of vˆj − uˆ, we conclude that (B.3)
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has exactly m+ ℓj solutions near z = 0, all of them simple positive zeroes of vˆj − uˆ− ǫ and
thus corresponding to transverse positive intersections of u′ with v′. Adding these up for all
choices of j = 0, . . . ,m− 1, we conclude
ι(u′, 0; v′, 0) > m2 = k2uk
2
v ,
so by Exercise B.6, ι(u, 0; v, 0) > kukv. 
Exercise B.8. Find examples to show that in the situation of Proposition B.7, ι(u, z0; v, ζ0)
cannot in general be bounded from above.
Combining Propositions B.5 and B.7 completes the proof of Theorem 2.3.
We now turn to the proof of Lemma 2.5 from Lecture 2, which asserts that any critical
point on a simple J-holomorphic curve gives rise to a strictly positive count of double points
after an immersed perturbation. In the background of this statement is the fact that all
simple holomorphic curves are locally injective; the representation formula of Theorem B.1
provides a straightforward intuitive reason for this, so we shall explain this below but skip a
few details where some more serious analysis would be required.
Proposition B.9. Suppose u : (Σ, j)→ (M,J) is a J-holomorphic curve that is nonconstant
near a point z0 ∈ Σ with du(z0) = 0. Then there exists a neighborhood z0 ∈ Uz0 ⊂ Σ such
that there is a biholomorphic identification
ϕ : (D, i)
∼=
−→ (Uz0 , j)
with ϕ(0) = z0, a number k ∈ N, and an injective J-holomorphic map
v : (D, i)→ (M,J)
with
dv(z) 6= 0 for z ∈ D \ {0} and u ◦ ϕ(z) = v(zk) for z ∈ D.
If u : (Σ, j)→ (M,J) is a simple curve, then k = 1.
Sketch of proof. Theorem B.1 provides local coordinates near z0 and near u(z0) in which u
takes the form
u(z) = (zk, uˆ(z))
for some map uˆ : D→ Cn−1 with vanishing derivatives at 0 up to order k, where k − 1 is the
critical order of u at z0. For each j = 1, . . . , k−1, we can compare this with the J-holomorphic
curve
uj(z) := u(e
2πij/kz) = (zk, uˆj(z)), where uˆj(z) := uˆ(e
2πij/kz),
and Theorem B.1 then implies that each uˆ − uˆj is either identically zero or has an isolated
positive zero at z = 0. Self-intersections u(z) = u(ζ) with z 6= ζ can now be identified with
pairs j ∈ {1, . . . , k − 1} and z ∈ D for which u(z) = uj(z). Let m ∈ {1, . . . , k − 1} denote
the smallest number for which uˆ ≡ uˆm, hence u(z) = u(e
2πim/k) for all z. Then we also have
uˆ ≡ uˆℓm for all ℓ ∈ Z, so m must divide k, and we see that u can be factored as
u(z) = v(zℓ)
for some continuous map v : D → Cn and ℓ := k/m. Moreover, v is injective near 0 since we
always have u(z) 6= uj(z) near z = 0 for j = 1, . . . ,m− 1. The remainder of the proof, which
we will omit, requires showing that v is also J-holomorphic, and that nontrivial branching
(the case ℓ > 1) is excluded whenever u : (Σ, j)→ (M,J) is simple. Details may be found in
[Wena, Theorems 2.117 and 2.120]. 
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The remainder of Lemma 2.5 can be restated as follows.
Proposition B.10. Suppose dimM = 4 and u : (D, i)→ (M,J) is an injective J-holomorphic
map with critical order k−1 ≥ 1 at z = 0 and no critical points on D\{0}. Then there exists
an integer
δ(u, 0) ≥
k(k − 1)
2
depending only on the germ of u near 0, such that for any given neighborhood U ⊂ D of 0
and symplectic form ω0 defined near u(0) taming J , one can find a smooth map uǫ : D →M
satisfying the following conditions:
(1) uǫ is C
∞-close to u and matches u outside U and at 0;
(2) uǫ is an immersion with u
∗
ǫω0 > 0;
(3) uǫ has finitely many self-intersections and satisfies
(B.4)
1
2
∑
(z,ζ)
ι(uǫ, z;uǫ, ζ) = δ(u, 0),
where the sum ranges over all pairs (z, ζ) ∈ D×D such that z 6= ζ and uǫ(z) = uǫ(ζ).
Our proof will show in fact that the tangent spaces spanned by the perturbation uǫ can be
arranged to be uniformly close to i-complex subspaces (or equivalently J-complex subspaces,
since J and i may also be assumed uniformly close in a small enough neighborhood of u(0)).
This implies that it is a symplectic immersion without loss of generality for any given ω0 tam-
ing J , as the condition of being a symplectic subspace is open. In practice, the crucial point
in applications is that the complex structure on the bundle (u∗ǫTC
2, J) admits a homotopy
supported near 0 to a new complex structure for which im duǫ becomes a complex subbundle.
The subtlety in the proof is that the change in tangent subspaces when perturbing from u
to uǫ cannot be understood as a C
0-small perturbation if du(0) = 0. Our strategy will be
to show that the tangent spaces spanned by duǫ are in fact C
0-close to the tangent spaces
spanned by another map which is a holomorphic immersion. In order to make this notion
precise, we need a practical way of measuring the “distance” between two subspaces of a
vector space, in particular for the case when both subspaces arise as images of injective linear
maps.
Definition B.11. Fix the standard Euclidean norm on Rn. Given two subspaces V,W ⊂ Rn
of the same positive dimension, define
dist(V,W ) := max
v∈V,|v|=1
dist(v,W ) := max
v∈V,|v|=1
min
w∈W
|v − w|.
Definition B.12. The injectivity modulus of a linear map A : Rk → Rn is
Inj(A) = min
v∈Rk\{0}
|Av|
|v|
≥ 0.
Clearly Inj(A) > 0 if and only if A is injective.
Lemma B.13. For any pair of injective linear maps A,B : Rk → Rn,
dist (imA, imB) ≤
‖A−B‖
Inj(A)
.
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Proof. Pick any nonzero vector v ∈ Rn. Then Av 6= 0 since A is injective, and we have
dist
(
Av
|Av|
, imB
)
= min
w∈Rk
∣∣∣∣A v|Av| −Bw
∣∣∣∣ ≤ ∣∣∣∣A v|Av| −B v|Av|
∣∣∣∣
≤ ‖A−B‖
|v|
|Av|
≤
‖A−B‖
Inj(A)
.

Lemma B.14. Given a symplectic form ω0 on C
2 taming i, there exists ǫ > 0 such that if
V ⊂ C2 is a complex 1-dimensional subspace, then all real 2-dimensional subspaces W ⊂ C2
satisfying dist(V,W ) < ǫ are ω0-symplectic.
Exercise B.15. Prove the lemma. Hint: CP1 is compact.
Proof of Proposition B.10. By Theorem B.1, we can assume after choosing suitable coordi-
nates near 0 ∈ D and u(0) ∈M that
u(z) = (zk, uˆ(z)) ∈ C2
for some integer k ≥ 2, where the almost complex structure J matches i at 0 ∈ C2, and uˆ is
a map Dρ → C on a disk of some radius ρ > 0, such that the other branches
uj(z) := u(e
2πij/kz) = (zk, uˆj(z)), uˆj(z) := uˆ(e
2πij/kz),
for j = 1, . . . , k − 1 are related by
(B.5) uˆj(z)− uˆ(z) = z
k+ℓjCj + |z|
k+ℓjrj(z)
for some ℓj ∈ N, Cj ∈ C \ {0} and rj : Dρ → C with rj(z) → 0 as z → 0. Here we’ve used
the assumption that u is injective in order to conclude that uˆj − uˆ is not identically zero. By
shrinking ρ > 0 if necessary, we can also assume u is embedded on Dρ \ {0}, and that the
symplectic form ω0, which tames J by assumption, also tames i on some neighborhood of
u(Dρ). Fix a smooth cutoff function β : Dρ → [0, 1] that equals 1 on Dρ/2 and has compact
support. Then for ǫ ∈ C sufficiently close to 0, consider the perturbation
uǫ(z) := (z
k, uˆ(z) + ǫβ(z)z),
which satisfies uǫ(0) = 0 and is immersed if ǫ 6= 0. Since u is embedded on Dρ \Dρ/2, we may
assume for |ǫ| sufficiently small that uǫ has no self-intersections outside of the region where
β ≡ 1. Then a self-intersection uǫ(z) = uǫ(ζ) with z 6= ζ occurs wherever ζ = e
2πij/kz 6= 0 for
some j = 1, . . . , k − 1 and uˆ(z) + ǫz = uˆj(z) + ǫe
2πij/kz, which by (B.5) means
zk+ℓjCj + |z|
k+ℓjrj(z) + ǫ
(
e2πij/k − 1
)
z = 0.
Assume ǫ ∈ C \ {0} is chosen generically so that the zeroes of this function are all simple (see
Exercise B.17 below). Then each zero other than the “trivial” solution at z = 0 represents
a transverse (positive or negative) self-intersection of uǫ, and the algebraic count of these
(discounting the trivial solution) for |ǫ| sufficiently small is k + ℓj − 1 ≥ k. Adding these up
for all j = 1, . . . , k − 1, we obtain
(B.6) δ(u, 0) :=
1
2
∑
(z,ζ)
ι(uǫ, z;uǫ, ζ) =
1
2
k−1∑
j=1
(k + ℓj − 1) ≥
1
2
k(k − 1).
78 CHRIS WENDL
It remains to show that uǫ satisfies u
∗
ǫω0 > 0, which is equivalent to showing that im duǫ(z) ⊂
C
2 is an ω0-symplectic subspace for all z. Let us write uˆ in the form
uˆ(z) = zk+ℓC + |z|k+ℓr(z)
as guaranteed by Theorem B.1, where C ∈ C \ {0}, ℓ ∈ N and limz→0 r(z) = 0. We shall
compare uǫ with the holomorphic map
Pǫ : Dρ → C
2 : z 7→ (zk, zk+ℓC + ǫz),
obtained by dropping the remainder term from uˆ. Note that Pǫ is simply the degree k + ℓ
Taylor polynomial of uǫ; indeed, both have the same derivatives at 0 up to order k+ℓ. Setting
ǫ = 0 and differentiating both, it follows that dP0 : Dρ → HomR(C,C
2) is the degree k+ ℓ− 1
Taylor polynomial of du : Dρ → HomR(C,C
2), thus
du(z) = dP0(z) + |z|
k+ℓ−1R(z)
for some function R(z) with R(z)→ 0 as z → 0. Reintroducing the ǫ-dependent linear term,
it follows that
duǫ(z) = dPǫ(z) + |z|
k+ℓ−1R(z)
for all ǫ ∈ C, where the function R(z) is independent of ǫ and is bounded. Now abbreviate
Aǫ(z) := dPǫ(z) and Bǫ(z) := duǫ(z). The Taylor formula above then gives an estimate of
the form
‖Aǫ(z)−Bǫ(z)‖ ≤ c1|z|
k+ℓ−1
for some constant c1 > 0 independent of ǫ. Computing dPǫ(0), we find similarly a constant
c2 > 0 independent of ǫ such that
|Aǫ(z)v| ≥ c2|z|
k−1|v| for all v ∈ C,
thus Inj(Aǫ(z)) ≥ c2|z|
k−1, and
‖Aǫ(z)−Bǫ(z)‖
Inj(Aǫ(z))
≤ c3|z|
ℓ
for some constant c3 > 0 independent of ǫ. Now since Pǫ is holomorphic (for the standard
complex structure) for all ǫ, imAǫ(z) ⊂ C
2 is always complex linear, so the above estimates
imply together with Lemmas B.13 and B.14 that for a sufficiently small radius ρ0 > 0, the
images of duǫ(z) for all z ∈ Dρ0 \ {0} and ǫ ∈ Dρ0 are ω0-symplectic. This is also true for
z = 0 if ǫ 6= 0, since then duǫ(0) = dPǫ(0) is complex linear.
To conclude, fix ρ0 > 0 as above and choose ǫ ∈ C \ {0} sufficiently close to 0 so that
outside of Dρ0 , uǫ is C
1-close enough to u for its tangent spaces to be ω0-symplectic (recall
that J is also ω0-tame). The previous paragraph then implies that the tangent spaces of uǫ
are ω0-symplectic everywhere. 
Exercise B.16. Verify that the formula obtained in (B.6) for δ(u, 0) does not depend on any
choices.
Exercise B.17. Assume f : U → C is a smooth map on a domain U ⊂ C containing 0, with
f(0) = 0 and df(0) = 0. Show that for almost every ǫ ∈ C, the map fǫ : U → C : z 7→ f(z)+ǫz
has 0 as a regular value. Hint: Use the implicit function theorem to show that the set
X := {(ǫ, z) ∈ C× (U \ {0}) | fǫ(z) = 0}
is a smooth submanifold of C2, and a point (ǫ, z) ∈ X is regular for the projection π : X →
C : (ǫ, z) 7→ ǫ if and only if z is a regular point of fǫ. Then apply Sard’s theorem to π.
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Exercise B.18. Find examples to show that the bound δ(u, 0) ≥ k(k−1)2 in Proposition B.10
is sharp, and that there is no similar upper bound for δ(u, 0) in terms of k. (Compare
Exercise B.8.)
Appendix C. A quick survey of Siefring’s intersection theory
This appendix is meant in part as a survey and also as a quick reference guide for the
intersection theory of punctured holomorphic curves. Except where otherwise noted, the
proofs of everything stated below are due to Siefring [Sie11], and the details (modulo proofs
of the relative asymptotic formulas) can be found in Lectures 3 and 4 of these notes. Since
intersection theory has also played a large role in the development of Hutchings’s Embedded
Contact Homology (ECH), we will simultaneously take the opportunity to clarify some of the
connections between Siefring’s theory and equivalent notions that often appear (sometimes
with very different notation) in the ECH literature. For an important word of caution about
notational differences between these notes and [Sie11], see Remark 4.7.
C.1. Preliminaries. Assume M is a closed oriented 3-manifold with a stable Hamiltonian
structure (ω, λ), i.e. a 2-form ω and 1-form λ that satisfy dω = 0, λ∧ω > 0 and kerω ⊂ ker dλ.
(The reader unfamiliar with or uninterested in stable Hamiltonian structures is free to assume
(ω, λ) = (dα, α) where α is a contact form.) This data determines an oriented 2-plane field
ξ = kerλ ⊂ TM
and a Reeb vector field R such that
ω(R, ·) ≡ 0 and λ(R) ≡ 1.
We assume throughout the following that all closed orbits of R are nondegenerate. As men-
tioned in the footnote to Theorem 4.1, the major results continue to hold without serious
changes if orbits are Morse-Bott, as long as homotopies of asymptotically cylindrical maps
are required to fix the asymptotic orbits in place. There also exists a generalization of the
theory that lifts the latter condition (see [Wen10a, §4.1] and [SW]).
Suppose γ is a closed orbit of R and τ is a choice of trivialization of ξ along γ. The
Conley-Zehnder index of γ relative to this trivialization will be denoted by
µτCZ(γ) ∈ Z.
If γ has period T > 0, then any choice of ω-compatible complex structure J on ξ and
parametrization γ : S1 := R/Z → M satisfying λ(γ˙) ≡ T gives rise to an L2-symmetric
asymptotic operator
Aγ = −J(∇t − T∇R) : Γ(γ
∗ξ)→ Γ(γ∗ξ),
where ∇ is any symmetric connection on M and Aγ does not depend on this choice. As
proved in [HWZ95], the nontrivial eigenfunctions of Aγ have winding numbers (relative to τ)
that depend only on their eigenvalues, defining a nondecreasing map from the spectrum
σ(Aγ) ⊂ R to Z that takes every value exactly twice (counting multiplicity of eigenvalues).
One can therefore define the integers
ατ−(γ) = max
{
windτ (e)
∣∣ Aγe = λe with λ < 0} ,
ατ+(γ) = min
{
windτ (e)
∣∣ Aγe = λe with λ > 0} ,
p(γ) = ατ+(γ)− α
τ
−(γ).
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Since γ is nondegenerate, 0 is not an eigenvalue of Aγ , hence the parity p(γ) is either 0 or 1,
and [HWZ95] proves the relation
µτCZ(γ) = 2α
τ
−(γ) + p(γ) = 2α
τ
+(γ)− p(γ).
For this reason, the number ατ−(γ) sometimes appears in the literature as ⌊µ
τ
CZ(γ)/2⌋.
Given a closed Reeb orbit γ, we denote its k-fold cover for k ∈ N by γk.
We say that an almost complex structure J on R × M is compatible with the stable
Hamiltonian structure (ω, λ) if
• J(∂r) = R for the coordinate vector field ∂r in the R-direction;
• J(ξ) = ξ and J |ξ is compatible with ω|ξ;
• J is invariant under the translation action (r, p) 7→ (r + c, p) for all c ∈ R.
More generally, we consider almost complex 4-manifolds (Ŵ , J) with cylindrical ends as in
[BEH+03]. Concretely, this means Ŵ decomposes into the union of a compact subset with
a positive end [0,∞) × M+ and a negative end (−∞, 0] × M−, where M± are closed 3-
manifolds equipped with stable Hamiltonian structures (ω±, λ±) and the restriction of J to
each cylindrical end is compatible with these structures. This will be our standing assumption
about (Ŵ , J) in the following. For a punctured Riemann surface (Σ˙, j), we consider proper
maps u : Σ˙ → Ŵ that are asymptotically cylindrical in the sense that they approximate
trivial cylinders over closed Reeb orbits near each of their (positive or negative) non-removable
punctures; see §2.4 for a more precise discussion in the contact case.
C.2. The intersection pairing. Given the almost complex 4-manifold (Ŵ , J) with cylindri-
cal ends as described above, let τ denote a choice of trivialization for the complex line bundles
ξ± = ker λ± along each simply covered closed Reeb orbit in M±. This induces a trivialization
of ξ± along every closed Reeb orbit by pulling back along multiple covers. The choice is arbi-
trary, but it is necessary in order to write down most formulas in the intersection theory, and
none of the important quantities depend on it. We assume u : Σ˙ = Σ \ Γu → Ŵ is a smooth
asymptotically cylindrical map with positive and/or negative punctures Γu = Γ
+
u ∪ Γ
−
u ⊂ Σ,
and for each puncture z ∈ Γu, let γz denote corresponding asymptotic Reeb orbit. We also
fix a second such map v : Σ˙′ → Ŵ , denote its punctures by Γv = Γ
+
v ∪ Γ
−
v ⊂ Σ
′ and use the
same notation {γz}z∈Γv for its asymptotic orbits.
16
Given any quantity q±(γ) which depends on both a Reeb orbit γ and a choice of sign +
or −, we will use the shorthand notation∑
z∈Γ±u
q±(γz) :=
∑
z∈Γ+u
q+(γz) +
∑
z∈Γ−u
q−(γz).
A similar convention applies to summations over pairs of punctures in Γu×Γv with matching
signs, and this will occur several times in the following.
The intersection product of the asymptotically cylindrical maps u and v can defined by
(C.1) u ∗ v := u •τ v −
∑
(z,ζ)∈Γ±u×Γ
±
v
Ωτ±(γz, γζ) ∈ Z,
where the individual terms are defined as follows.
16Note that each of the orbits γz may be multiply covered; we are suppressing covering multiplicities in the
notation.
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The relative intersection number
u •τ v ∈ Z
is the algebraic count of intersections between u and a generic perturbation of v that shifts it by
an arbitrarily small positive distance in directions dictated by the chosen trivializations τ near
infinity, hence the count is finite and depends only on the relative homology classes represnted
by u and v and the homotopy class of the trivializations τ . The relative intersection number
also appears in the ECH literature and is denoted there by Qτ (u, v), cf. [Hut02,Hut14]. Note
that u •τ u is also well defined, and is sometimes denoted by Qτ (u) in ECH.
The integers Ωτ±(γ, γ
′) are defined for every pair of Reeb orbits γ, γ′ and also depend on
the trivializations τ . They satisfy Ωτ±(γ, γ
′) = 0 whenever γ and γ′ are not covers of the same
orbit, while for any simply covered orbit γ with integers k,m ∈ N,
Ωτ±(γ
k, γm) := min
{
∓kατ∓(γ
m),∓mατ∓(γ
k)
}
.
The dependence on τ in the Ωτ± terms cancels out the dependence in u •τ v, so that u ∗ v is
independent of τ ; it is determined solely by the relative homology classes of u and v and their
sets of asymptotic orbits. In particular, it is invariant under homotopies of u and v through
families of smooth asymptotically cylindrical maps with fixed asymptotic orbits.
If u and v are also J-holomorphic and are not covers of the same simple curve, then we
can also write
u ∗ v = u · v + ι∞(u, v),
where both terms are nonnegative: the first denotes the actual algebraic count of intersections
between u and v (of which the asymptotic results in [Sie08] imply there are only finitely many),
and the second is an asymptotic contribution counting the number of “hidden” intersections
that may emerge from infinity under a generic perturbation. A corollary is that if u ∗ v = 0,
then u and v are disjoint unless they cover the same simple curve. The converse of this is false
in general, but one can use Fredholm theory with exponential weights to show that for generic
J , ι∞(u, v) = 0 for all simple curves u and v belonging to some open and dense subsets of
their respective moduli spaces.
To write down the asymptotic contribution ι∞(u, v) explicitly, one must first define its
relative analogue ιτ∞(u, v), which depends only on the germ of u and v near infinity and on
the trivializations τ . We have
ιτ∞(u, v) =
∑
(z,ζ)∈Γ±u×Γ
±
v
ιτ∞(u, z; v, ζ),
where for each pair of punctures z ∈ Γ±u and ζ ∈ Γ
±
v with the same sign,
ιτ∞(u, z; v, ζ) ∈ Z
is the algebraic count of intersections between u|Uz and a generic perturbation of v|Uζ , with Uz
and Uζ chosen to be suitably small neighborhoods of the respective punctures such that u|Uz
and v|Uζ are disjoint, and the perturbation of v|Uζ chosen to push it a small positive distance
in directions dictated by the trivialization τ near infinity. The fact that this number is well
defined depends on the existence of neighborhoods on which u and v are disjoint, hence it
requires them to be geometrically distinct curves, and of course ιτ∞(u, z; v, ζ) = 0 whenever
the asymptotic orbits γz and γζ are disjoint. If on the other hand γz = γ
k and γζ = γ
m for
some simply covered orbit γ and integers k,m ∈ N, then ιτ∞(u, z; v, ζ) can be computed in
terms of the relative winding of v about u near infinity; a precise formula is derived in the
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discussion surrounding Equation (4.3). Combining this formula with the relative asymptotic
analysis from [Sie08] then yields the bound ιτ∞(u, z; v, ζ) ≥ Ω
τ
±(γz, γζ), giving rise to the local
asymptotic contribution
ι∞(u, z; v, ζ) := ι
τ
∞(u, z; v, ζ) − Ω
τ
±(γz, γζ),
which is independent of τ and is nonnegative, with equality if and only if all theoretical
bounds on the winding of asymptotic eigenfunctions controlling the approach of v to u at
infinity are achieved. The geometric interpretation is that ι∞(u, z; v, ζ) is the algebraic count
of intersections between u and v that will appear in neighborhoods of these two punctures if
u and v are perturbed to J ′-holomorphic curves for some generic perturbation J ′ of J . The
total number of hidden intersections is then
ι∞(u, v) =
∑
(z,ζ)∈Γ±u×Γ
±
v
ι∞(u, z; v, ζ).
As mentioned in Remark 4.10, the computation of ιτ∞(u, z; v, ζ) also reveals an alternative
interpretation of it as a signed count of crossings between two braids. It appears in this form
in the ECH literature, i.e. ιτ∞(u, z; v, ζ) carries the same information as the “linking number”
ℓτ (·, ·) in [Hut02,Hut14]
C.3. The adjunction formula. The adjunction formula for a closed somewhere injective
J-holomorphic curve u : Σ→W can be written as
[u] · [u] = 2δ(u) + cN (u),
where [u] · [u] ∈ Z denotes the homological self-intersection number of [u] ∈ H2(W ), cN (u) :=
c1([u])−χ(Σ) is the so-called normal Chern number, and δ(u) is the algebraic count of double
points and critical points, cf. (2.3). For a somewhere injective asymptotically cylindrical
J-holomorphic curve u : Σ˙→ Ŵ with punctures Γu, the formula generalizes to
(C.2) u ∗ u = 2 [δ(u) + δ∞(u)] + cN (u) + [σ¯(u)−#Γu] ,
where u∗u is the intersection product defined in (C.1) with u = v, and the terms on the right
hand side will be explained in a moment. The most important thing to know about (C.2)
is that the terms u ∗ u, cN (u) and σ¯(u) are all homotopy invariant by definition, implying
that δ(u) + δ∞(u) is also homotopy invariant, while σ¯(u)−#Γu, δ(u) and δ∞(u) are always
nonnegative. Moreover, as in the closed case, δ(u) = 0 if and only if u is embedded. It follows
that δ(u)+δ∞(u) = 0 gives a homotopy-invariant condition guaranteeing that u is embedded.
The converse is false, as u can be embedded and have δ∞(u) > 0, but one can again use
Fredholm theory with exponential weights to show that generically the latter cannot happen
for curves in some open and dense subset of the moduli space.
The normal Chern number is defined in the punctured case by
cN (u) := c
τ
1(u
∗TŴ )− χ(Σ˙) +
∑
z∈Γ±u
±ατ∓(γz),
and it depends on the relative homology class of u and the topology of the domain Σ˙, but
not on the trivializations τ . Here cτ1(u
∗TŴ ) denotes the relative first Chern number of
the complex vector bundle u∗TŴ → Σ˙ with respect to the natural trivializations at infinity
induced by τ . Recall that if E → Σ˙ is a complex line bundle equipped with a preferred
trivialization τE near infinity, one can define c
τE
1 (E) ∈ Z as the algebraic count of zeroes
of any generic section of E that is constant and nonzero with respect to τE near infinity.
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The relative first Chern number of higher rank bundles is then defined via the direct sum
property cτE⊕τF1 (E ⊕ F ) = c
τE
1 (E) + c
τF
1 (F ). Since u
∗TŴ has a natural spliting over the
positive/negative cylindrical ends into the direct sum of a trivial complex line bundle with
ξ± = ker λ±, τ naturally induces a trivialization of u
∗TŴ over the ends and we define
cτ1(u
∗TŴ ) accordingly. (The same quantity is often denoted by cτ (u) in the ECH literature,
cf. [Hut02,Hut14].) The normal Chern number is often most convenient to calculate via the
formula
2cN (u) = ind(u)− 2 + 2g +#Γeven,
where ind(u) denotes the virtual dimension of the moduli space containing u (see (A.5)), g is
the genus of its domain, and Γeven ⊂ Γu is the set of punctures z ∈ Γu that satisfy p(γz) = 0,
i.e. the Conley-Zehnder index of the corresponding Reeb orbit is even. This relation is an easy
consequence of the Fredholm index formula and the usual relations between Conley-Zehnder
indices and the winding numbers ατ±(γ), cf. (3.18). The proper interpretation of cN (u) is
as a homotopy-invariant algebraic count of zeroes of the normal bundle of an immersed
perturbation of u, including zeroes that are “hidden at infinity” but may emerge under small
perturbations of u as a holomorphic curve.
The term σ¯(u) is called the spectral covering number and is a sum of terms
σ¯(u) :=
∑
z∈Γ±u
σ¯∓(γz),
each of which is a positive integer that depends only on the orbit γz and can be greater than
1 only if γz is multiply covered. Specifically, for any simply covered orbit γ and k ∈ N, σ¯±(γ
k)
is the covering multiplicity of any of the nontrivial asymptotic eigenfunctions e of Aγk that
satisfy windτ (e) = ατ±(γ
k). It turns out that the dependence of σ¯±(γ
k) on the orbit γ is fairly
mild, as one can show that
σ¯±(γ
k) = gcd(k, ατ±(γ
k)),
cf. Remark 4.3. Thus σ¯(u)−#Γ vanishes, for instance, whenever all the asymptotic orbits of
u are simply covered.
The singularity index δ(u) is defined just as in the closed case, as a signed count of double
points of u plus positive contributions for each critical point, interpreted as the count of double
points that appear near each critical point after an immersed perturbation (cf. Lemma 2.5).
The only difference from the closed case is that since Σ˙ is noncompact, it is less obvious that
δ(u) is well defined, but the relative asymptotic results of [Sie08] imply that double points
and critical points of a simple curve cannot occur near infinity, hence δ(u) is finite.
The term δ∞(u) is an algebraic count of “hidden” double points, i.e. it is the number of
extra contributions to δ(u) that will emerge from infinity if u is perturbed to a J ′-holomorphic
curve for a generic perturbation J ′ of J . There are two possible sources of such hidden
double points: first, any pair of distinct punctures z, ζ ∈ Γ±u with the same sign such that
the corresponding asymptotic orbits γz and γζ are identical up to multiplicity contributes
ι∞(u, z;u, ζ) as in the definition of u ∗ v. Note that ι∞(u, z;u, ζ) is well defined as long as u
is simple and z 6= ζ, since the two punctures then have neighborhoods Uz and Uζ such that
u(Uz) ∩ u(Uζ) = ∅. Additional hidden intersections can emerge from any single puncture z
such that γz is multiply covered, since u in the neighborhood of such a puncture has multiple
branches that become arbitrarily close to each other near infinity. Denoting the contribution
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from such punctures by δ∞(u, z), we have
δ∞(u) =
1
2
∑
z,ζ∈Γ±u , z 6=ζ
ι∞(u, z;u, ζ) +
∑
z∈Γ±u
δ∞(u, z).
In particular, δ∞(u) = 0 whenever all asymptotic orbits if u are distinct and simply covered,
though it can also be zero without this condition. As with ι∞(u, z; v, ζ), writing down a
precise formula for δ∞(u, z) requires first defining a relative version that depends on the
trivialization τ : we define
ιτ∞(u, z) ∈ Z
as the algebraic count of intersections between u|Uz and a generic small perturbation of itself,
where Uz is a neighborhood of z on which u is embedded, and the perturbation is chosen to
shift u a small positive distance in directions dictated by τ . As with ιτ∞(u, z; v, ζ), one can
compute ιτ∞(u, z) in terms of the winding numbers of asymptotic eigenfunctions that control
the relative approach of different branches of u|Uz to each other near infinity, cf. (4.6). One
derives from this the theoretical bound ιτ∞(u, z) ≥ Ω
τ
±(γz), where for any simply covered orbit
γ and k ∈ N,
Ωτ±(γ
k) := ∓(k − 1)ατ∓(γ
k) +
[
σ¯∓(γ
k)− 1
]
.
The precise definition of δ∞(u, z) is then
δ∞(u, z) :=
1
2
[
ιτ∞(u, z) − Ω
τ
±(γz)
]
,
which is a nonnegative integer and is independent of τ .
As mentioned in Remark 4.14, the computation of ιτ∞(u, z) in terms of winding numbers
also leads to an alternative interpretation of it as the writhe of a braid, and this is how it
appears in the literature on Embedded Contact Homology, i.e. ι∞(u, z) contains the same
information as the quantity wτ (·) in [Hut02, Hut14]. Up to issues of bookkeeping, (C.2) is
also equivalent to the so-called relative adjunction formula first written down by Hutchings,
see in particular [Hut02, Remark 3.2]. The innovation of [Sie11] was to transform this into
a relation between homotopy-invariant quantities that have geometric meanings independent
of any choice of trivializations.
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